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-ABSTIACT- 

Thia  rapart  traata  tha  aaeroaeoplo  approaah  to  tha 
praklaa  aquUlbrloa  radiation  froa  plaaaaa  baaad  on  ttia 
Hiaoiry  alaotrloal  flnotoatlona  and  liMraal  radiation  propaaad 
Ijtaf^  Bm  baaio  idaaa  uniarljlnd  thia  gonaral  thaozy  aa 
**11  aa  tha  aomaotion  with  ethar  knoan  thaorlaa  af  aqnilihrian 
radiation  ara  diaouaaad* 

Xha  alaotronagnatio  fonnlation  af  thia  thaacy  ia  Ihan 
praaantad*  In  pajrtienlar  tha  tranaition  batvaan  tha  aioroaoeplo 
and  tha  aaoroaooplo  alaotroaui^natlo  aquatlena  ia  danonatratad  and 
tha  oonnaotlon  with  djtoT'a  aquationa  la  aada.  Tha  atatlatieal 
aapaat  af  tha  problan  ia  fomolatad  and  tha  fanaral  aiqpraaaiona 
for  tina  and  q^aoa  awara^aa  of  -Uia  intanally  af  radiation  ia 
praaantad.  Spaaial  attention  la  glTan  to  tha  dariTation  af  tha 
oaorralation  function  for  diaalpatlTo  nodia.  Sana  azMplaa  of 
flnotoatlon  phanonana  ara  alao  worked  out. 

A  gonaral  aathod  for  aolring  problana  of  aquillbrlnai 
radiation  la  outlined.  Tha  oaaa  of  a  eylindrioal  plaana^ahioh  ia 
an  adequate  nodal  far  the  waka  af  a  ra-antzy  Tohiola^  ia  diaauaaad 
baaad  on  a  aolutlon  originally  darlTOd  by  Bytor.  A  datailad 
dariTation  of  thia  aolutlon  aa  wall  aa  an  altamata  aolutlon  in 
tama  af  tha  power  abaorptlTity  of  tha  oylindar  ia  giran  ia  tha 
Appendix. 


-  li  - 


EJCBLOHAOIZTIC  BADIATZON  -  A  FHBVOMBKOLOGICAL  AmOACH 


C  ONTINTS- 


AbstrMt 


i 


Contmts 

I  ZmODOCTION 

n  niCltODTKAMIC  FOPUIOLAIION  12 


2.1  6«n«ral  rcMurka  12 

2.2  8pM«-TiM  AT«rsf«  nroo*dur«  .  15 

2*3  transition  froa  lUerosoopio  to 

Maorotooplo  Equations  18 

(1)  Esthod  A  18 

(2)  Esthod  B  30 

2*4  Ejrtor's  Eodifieation  of  the  Eleotroaafnstlo 

Equations 

in  StAIISnCAL  FOBEOLATZOR  50 

3*^  Tias-AversAs  Value  of  the  Pqjnting  Veotor  50 

3*2  Spaoe-Averafe  of  the  Intensity  of  the 

Fluotuations  33 

3*3  The  Correlation  Function  in  Terns  of  the 

Dissipatire  Properties  of  the  Eediui  57 

3*4  Applioation  to  Sleetroaagnetic  Fluotuations  69 

3*5  Other  Exaaples  of  Fluctuation  Fhenoaena  74 


IT  EETHQD  OF  SOLDTKEf 
T  lADIATIOIV  FROE  A  CTLINBRICAL  PLASEA 


APnfDIX  -  Derlration  of  the  Solution  for  the 

Equillbriun  ladiation  froa  a  Cylinder  IO7 

A  -  Expression  for  ths  Ealtted  Poser  in  Terns 

of  the  Coeffioients  Pn  and  Qa  106 

B  -  Expressions  for  ths  Coeffioients  Pn  and  Qa 

in  Texas  of  the  Other  Coeffioients  An  and  Bn  112 

C  •>  Oetemination  of  the  Coeffioients  la  and  Sn  116 

D  -  The  AbscrptiTity  of  the  Cylinder  124 

E  -  Approxinate  Solutions  I33 


FOREWORD 


This  rq[x>rt  hss  been  prspsred  to  acquaint  the  reader  with  some  of  the  re¬ 
sults  drawn  from  a  study  of  the  eleotromagnetio  properties  of  plasmas,  made  hy 
scientists  (Q.  C.  Clcntier  and  W.  B.  Baker)  assooUted  with  the  RCA  Victor,  Ltd., 
Research  Laboratories,  liontrMl,  Canada.  This  woric  was  performed  under  Contract 
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lI«JT10IIAffllinC  SADlATIOir  -  A  FHBfOmfOLOCICAL  AFntOACR 


X  amopocTicif 

hM  d«T*lop*d  a  phanoMnologieal  •XaetroM^iwti* 
tli»o»3r  of  thazMl  radiation  vhloh  doos  not  Inpoao  anj  roatrlotlont 
iq>on  tho  rolationahip  botwoan  tha  waTolangth  of  tho  onlttod 
radiation  and  tha  aiaa  of  tha  radiating  body.  Thla  thaoiy  la 
aoaotiBoa  rafarrad  to  aa  tha  oorralatlen  thaoay  of  alaotroaacnatle 
fluotuatlena.  Thla  thaoxy  Inoludaa  aa  partloular  eaaaa  both  tha 
olaaaloal  thaosy  of  thaz«al  or  aquUlbrl>jB  radiation,  whioh  traata 
**“***^  In  tha  gooaatrleal  optloa  raglon,  aa  — n  aa 

tha  thaesy  of  tharaal  noiaa  In  alaetrleal  oixnulta. 

Tha  problaa  of  datamining  tha  thamal  radiation  «lttad 
fron  a  haatad  body  (or  aqulralantly,  tha  alaetroawgnatle 
fluotuation  flald)  la  raduoad  to  a  boundary-ralua  jroblan.  In 
partloular,  ona  looka  for  tha  aolutiona  of  tha  'aodiflad  laxBall 
aquatlona’  ahloh  aatiafy  oartain  appropriata  boundasy  oondltlona. 
dytor'a  nodifloatlon  >f  Kaxnall'a  aquatlona  oonaiata  of  tha  intro- 
duotlon  of  taraa  wfaloh  rapraaant  randon  aztranaoua  aouraa-flalda 
with  aaro  radiua  of  oorralatlm,  or  aqulTalantly,  taraa  whlah 
rapraaant  randoa  aztranaoua  eurranta  with  aaro  radiua  of  eamlatian. 
In  olthar  oaaa  thaaa  taraa  rapraaant  tha  dlatrlbutad  aeuroa  of  tha 
Inooharant  alaotroaagnatlo  radiation  aalttad  by  a  body  nt  a  glwm 
ta^>oratura. 


SjtoT*a  tte(X7  tonu  th*  %*•!•  for: 

(1)  tha  avaluatloe  of  tha  paaaiTa  alaotroaacnatlo 
radiation  anlttad  by  a  plaaMt;  and 

(2)  a  genarallaad  fonnilatien  of  Klrebboff'a  lav 
^lieh  pondta  tha  aqulUbriun  blaotrooMignatlo 
or  tharnal  radiation  apaetron  of  a  body  to  ba 
araluatad  fTon  a  knowladga  of  Ita  abaorptlalty 
apaotrun  for  a  body  of  any  also  and  for  aay 
dacraa  of  abaorptlrlty. 

Tha  lattar  raault  proridaa  ua  with  a  wary  valuabla 
■athod  of  traatiag  prablaaw  IntolTlns  tha  intaraotlon  of  aloetro* 
Mcnatle  radiation  of  aqy  wawalangth  with  plaama  and  othor 
bodlaa,  that  la,  problana  of  aotiwa  radlatim. 

Tha  thoozy  of  alaotrioal  flnotuationa  and  tbamal 
radiation  aa  daaalopad  by  *ytoT  waa  orlflnatad  by  LaontoTloh  and 
dytoT  in  a  papar  traatinf  tha  Influanoa  of  tha  affaot  on 
alaotrioal  nolaa.  In  thia  papar  thay  baaad  thair  Idaaa  on  thaorlaa 
adranoad  by  iandalahtan^,  who  aa  aarly  aa  1907-8,  waa  oonoamad 
with  tha  zwlatiwahlp  batwaan  tha  nioroaoppio  and  tha  aaoroaooplo 
daaoriptlona  of  the  alaotrona|;natie  propartioa  of  nattar  and  with 
tha  inportanoa  of  flnotaatlnc  phonoaana  In  alaotrodynaaloa* 


Ih«  qnantltitts  with  iriiioh  a  pl^slelat  or  oi^n— r  works 
and  BBastBwa  art  la  fOBoral,  aaorotooplo  quantltloa*  Bsaaur— nta 
iawelTa  langtiia  iriiieh  aro  vary  largo  in  eoaparlaoa  with  intoratoaio 
diotaaeos  and  InTolTos  tiao  intorrala  ohiok  aro  wozy  leaf  wboa 
ooi^arod  with  oharaotoristie  atoaio  tiao  intorrala,  aagr,  for 
•zaaplo,  tho  period  of  tiao  for  an  olootron  to  retato  aboat  tho 
naolous*  Aa  attoh,aaoroaoopio  quantitioa  aro  statistieal  apaoa* 
tiao  ararogos  of  tho  aoro  fundaaontal  but  rozy  rapidly  varying 
aiorosoopio  quantitioa* 

In  passing  froa  a  aiorosoopio  to  a  naerosoopio  doseriptien 
ona  is, in  gonoral,  oontont  to  work  olth  aoaa  linear  toIuss*  There 
is  no  a  priori  OTidonoe  that  this  prooodnre  is  walid,  that  is,  that 
tho  aoan  linear  raluos  will  agree  with  the  waluos  ebtoiasd  by 
oxperlaont*  Usually  this  proooduro  is  oxperiaontally  Justified* 

Tho  oonoopt  of  a  naan  linear  yaluo  inoludos  the  possibility 
of  larger  or  saallor  doTiations,  and  single  noasurononts  oaa  yield 
Taluos  idiioh  fluotuato  to  a  greater  or  lessor  extent  about  this 
neon  toIuo.  The  good  agre«Mnt  between  the  statistioal  naan 
Taluas  and  the  naorophysioal  ezperinantal  data  nay  be  interpreted 
to  signify  that  the  fluotuations  (deriations  fron  the  aTorago  ralue) 
enooumtored  in  statistioal  oonsiderations  are,  in  oases  of  agreenent, 

a 

generally  speaking  Tory  snail*  Howorer  there  do  exist  aai^  naoro* 

# 

soopio  offeots  idiioh  owe  their  origin  to  the  existenoe  of 
fluotuations  idiioh  are  not  negligible,  for  exasq;>le.  Brownian  notion. 
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Sehottlqr  thermal  nolae,  eto.  noetuatieM  are  not  iaoluted 

in  mean  Taluea. 

Aa  a  measure  of  the  aaffoltude  of  fluotuatiocs  mo 
oaanot  taka  the  mean  Taltto  of  the  fluotoatloas,  for  it  is  equal 
to  aero  booause  the  mean  maluo  of  a  quantilgr  is  dofiuoA  so  as  to 
make  tho  doTiations  io  botti  dlreotiMis  oquallj  prdbahle*  A 
possible  measure  is  ^tsb  by  the  mean  value  of  the  square  of  the 
fluotuations* 

It  is  oustoaary  to  Asfliie  the  fluetuatieiia  as  equal  to 
the  dlfferenoe  betmeen  Iho  speoial  measured  malnes  I(b)  sad  the 
mean  value  that  is,  by  dlal(n)-?.  The  measure  for  flnetnatioBS 
is  therefore  equal  to  <di{B)  >*  «  <  >”•  Sinoe  the  fane- 

atloo  of  a  aean  is  a  linear  process  (and  sinoe  aiqr  ■eaa  value  is 
a  oonstant  with  respeot  to  furthor  operations  of  taking  a  meant 
f  -  i),  me  have  <  dl(n)  >*  «  P-  3  ♦  P.  P’-f*.  Shat  is,  Ifee 
seas  squsre  of  a  fluotuating  quanti^  is  equal  to  the  differenee 
betmeen  the  mean  value  of  tho  square  of  the  quantilgr  and  the  square 
of  tho  aean  value*  Ve  note  that  if  the  mean  value  of  a  quantilgr 
is  sero  then  tho  measure  of  fluotuations  is  oqual  to  tho  mean  valus 
of  the  quantify  i.e.  <  dt{n)  >*  *  P  , 

nrevious  to  Bytov's  general  theory  of  eleotromagnotio 
fluotuations  there  existed  two  theories  vhloh  treated  eleotro- 
magnetle  fluotuatlon  phenMona;  homever  one  is  Halted  to  the 
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quMi-statloBuy  region  and  tha  othar  to  tha  ga  oawtrlcal-eytiea 
ragioii  ot  tha  alaetroaagnatie  apaotrua.  lhay  ara,  raapaatiaalyt 

(1)  ^yqtiist'a  ttkaoiy  of  tharaal  nolaa  la  llaaar 
alactrloal  a  irevita,  aad 

(2)  tha  olaaaloal  thaacy  tharaal  ar  aqnilihritai 
radiatlaa  aa  daaalopad  by  Elrahhaff »  Stafai^ 

Boltsaann,  Claualna  aal  Flanak. 

Baaaaaa  tha  aaaeapta  aad  quoatitlaa  ai^layed  to  daaarfha 
tha  phanoMaa  and  alaa  haeanaa  tha  thaaratiaal  maSyaia  ia 
dlffaraat,  it  lOf  parhapOf  aat  iMadiataly  hbaieoa  that  tha  vater* 
3yiag  phaaaaaaa  ara  tha  aaaa*  hdoarar  a  llttla  thought  aakaa  it 

olaar  that  tha  aadaziyiag  phaaewana  ara  iaiaad  tha  aaaa* 

.  .  .  . 

Iha  eeneapta  aad  gvaatitlaa  iddah  a  ptajaiaiat  araataa, 
in  ordar  ta  daaoriha  tha  atata  af  a  phyaiaal  aj^taa^  ara  ia 
ganaral,  diatatad  by  «hat  ia  a^QarlaaataUy  aigaif  laaat  ar 
aaaaorabla.  Za  tha  eaaa  of  tharaal  aoiaa  ia  liaaar  alaotriaal 
olxvuits  m  ara  Intaraatad  ia  oorranta  aad  potantlal  dlffaraaeaa 
aoroaa  oapaeitara  aad  raaiatara*  Za  tha  eaaa  of  tharaal  radlatiaa 
tha  iatanaity  aad  anorgjr  of  tha  aaittad  or  ahaortad  radiation  ia 
of  iataraat. 

fhila  tha  phyaieal  ay  tana  iarolTad  ia  aaeh  of  tha  abora 
oaMs  ara  quite  diffaronty  both  phanonaaa  ara  aaaropfaysiaal 


•IsetroMfMtio  ph«no— n>  aad  m  sttoh  art  fevtrmd  by  Haxmll's 
•quatlon*.  Mow  In  fneral,  th*  ■alvtien  of  lhxmU*o  oqantioiit 
with  apprqprinto  boondoiy  eondltiona  ia  a  difficult  prablaa, 

RoMTor  If  tba  rata  of  ohaogo  of  tiio  olaotroM<natle 
f iold  la  not  too  largo  (aarolongth  nuoh  graator  «*•»*  a  oharaotor- 
iatlo  langth  of  tha  pbyaloal  ayatan)  ao  oan  oharaetariaa  tho 

••  far  aa  ita  elootroMgnatle  propartiaa  ara  oonearaad, 
by  luapod  paranotora  suoh  aa  raaiatora,  oapaeitora,  Indnetera, 
ato.  In  thla  oaaa  It  la  tha  eurranta  in  tha  eonduotara  and  tha 
potantlal  dlffarancaa  aeroaa  eapaeitora  and  raalatera  ara 
«f  axporlaantal  and  thaoratioal  Intaraat* 

If  on  tha  ottior  hand  tha  aaaalangth  of  tho  raridblo 
flalda  la  aaiy  aall  lAan  ooqtarod  with  a  aharaatoriatia  langth 
of  tha  phyaioal  gyatan  aa  oan  aaka  uaa  of  tha  ooncapta  of 
gaoMtrie  optloa.  In  thla  oaaa  aa  oan  taljc  dboat  tba  path  of  aa 
olaetreMgnotlo  wmm  and  aark  with  auoh  quantltiaa  aa  tha  intanaity 
and  anargy  of  tha  radiation.  ’  ' 

In  both  oaaaa  a  thaoratloU  aiapUfioation  la  aahlofad. 

In  tho  folloalag  aa  ahoa  that  If  tba  anphaala  la  plaoad  on  tha 
alootronagnatie  aapaotof  tha  phononana.  In  partleular  on  tha  flalda 
1  and  H,  than  tha  naan  danalty  of  aquUibrlun  radiation  anargy 
itaolf  la  a  aaaaura  of  tho  Intanaity  of  fluotoation  and  alao  that 
aa  oan  attrlbuta  'ttiomal  radiation  pbanonem  to  flnetuatlon 
phanoowna.  Baneo  aa  oan  regard 
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Wth  tl»  yrobla  of  thtrml  aolao  la  Ubnue*  oirooits  mA  tto 
•ImsImI  ftrifelMi  of  thoraorodiatlon  m  horlag  a  oooaoii  batlo* 
■■Kwll**  oquatlona  «ot«rn  tho  bohOTioor  of  all  aaoroMopti 
•laatroaognatle  phanoaaiuu  Bmj  arat 

V-D  .  V»p^  *  fB  .  0  . 
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ragro,  that  la  tha  alaatro- 
■a«natla  radiation  trarals 
aloof  vall-dofiaad  paths* 


If  Intaroat 


CoRont  la  eondnotora.  (i)* 
Mantial  diffaranpa,  (J),  ■ 

aoreaa  raaiatora,  aapaeitara. 
ata* 


,  Intliisilgr  of  Radiation,  I« 
Abaorption  and  aaiaaion 
eoaffioiaata  as » *«• 

‘  Spaetral  diatribntion  of 
radlatian*  ««n(a,T) 
Araraft  anarfjrt 

®  “  Sr  J  . 


frchlan  af  lataraat 


Aaxnal  Voiaa*  (Kjr^piiat) 

Iha  thaoip  la  foronlatad  aa  ‘ 
a  Pluotoatioo  prdblan* 


Iquilibriao  Radiation* 
Clauaina,  Urolihoff,  and 
Planek*  lha  problaa  la 
teaatad  as  ona  la 
PhaoonanolQfloal  Ihamo- 
dTBaaies* 


J  17 


■as  thara  arista  a  ranioi 

ahioh  prodosas  flootoationa  * 
iia  ourrsat  and  Tn1  tags  in 
airoait* 


Aasaaas  thara  arista  a 

tbaraal  notion  of  tha 
eharfss  ia  tha  badgr  ahioh 
rasolts  la  tha  irodnotlan 
of  aa  iaooharaat  radiation 
fiald* 


la  both  easas  tha  oaorosoopie  or  apaaa^tlBa  ararafa  alaotronefnatio 
propartiaa  of  tha  phjslaal  ajstan  ara  flaan  by  tha  dialaotrlo 
oo*^ioiaat  and  tha  aaf»tio  panaaability* 


Om  muw  ^  flttttoatlMu 
1b  tte  quantltlsa  ct  intaraat 

arat 

(AJ)*  .7-'?^  . 

(AT)* 

Baeauaa  tha  eironit  ia  liaaar. 

aa  havat 


J  ■  ffS  and  V  a  B  *  A  • 

lharaf  ora  I  «  1  and  V  «  I  . 

Tor  Blaetrie  eiroulta  aliieh  ara 
iB  thamal  aqaiUbrlua  aa  haaa 
that 
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Hanea  tiia  fluetttatioaa  of  ttia 
qaaatitiaa  of  iataraat  la  a 
liaaar  aiaetrla  airealt  ara 
preportloiial  to  tha  aaaa  aalaaa 
of  tha  aqoara  of  tha  flail  I. 

(Aj)*  «  F  ,  (AT)*  «  F. 

Tha  prOblaa  of  thannl  aaiaa  ia 
linaar  alae;trlo  aireulta  oaa  ba 
traoad  back  to  tha  flaataatloaa 
of  tha  alaotroBOfaatie  Mold* 

Aa  iaalfht  late  l(jrqulat*a 
approach  -  In  partieular,  tha 
aaauaption  of  tha  aziataaea  of 
a  raadoB  Baf  la  tha  eirauit 
ahloh  prodaoaa  flaatoationa  la  . 
tha  earrant  and  Toltaca«-aaa 
ba  found  by  oonaldarlag  tha 
pr^hlaa  of  atatlonary  ourranta* 
A  atationary  eurraat  la 
l^poaslbla  la  a  puraly 
Irratational  alaotrie  flaU, 
alnea  In  a  atatlonary  ourraat 
anarcjr  la  azpaadad  at  a  rate 


Slaoa  wa  ara  lateraated  hara 
la  tea  avarafa  antrsjr 

•■^J(FaF)4T, 

and  alaaa  far  tharaal  aqaillbriua 
*•  ha'va  r  and  V  aqual  ta  aarOf 
«a  aaa  ragard  tha  problaa  af 
alaaaiaal  aquUlbrlaa  radlatioa 
aa  a  fluataatlaa  problaa  by 
rafardlag  tea  avaraga  anargy 
M  a  aaaanra  af  tha  fluetnatloa 
of  .  tea  tharaal  aotloa  of  tea 
ohwgaa* 
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•»  •» 

J  •  1  p*r  unit  Tol«My  and  tida 
wmrgf  oannot  b*  pravlflad  bj  «i 
IrrotatlcMl  flalA*  8tatl«Mi7 
turmitt  V  posaiblt  ooljr  tf 
ttera  ara  fraaaiit  aaaraaa  «f 
alaatrlo  fiald  knovn  aa  alaatra- 
aotlTa  foreaat  vrtileh  produtea 
nonlrrotatlon^  flalda*  Hanoa 
ooa  aaauaaa  tha  adattBoa  of  * 

aueh  aa  Itf  ■  It  aav  baocaaa 
poaaibla  to  hava  atatlaaary 
ourraata  aai  to  nplala  la 
oloatrlaal  taraa  aarloua  foroaa 
ahioh  affaet  tta  oharfoa  of  Hie 
ayataa  aaiar  eoaaidaratioD  but 
abloh  ara  dotaninad  by  aoureas 
not  partalning  ta  tbla  ayataa* 

Thaaa  foraaa  aparata  at  tba 
aspaaaa  of  outaida  aooroaa  of 

aaargy  •  aaahaalaal,  otaaodoal,  0 

ata* 


All  pbyaioal  ayataaa  find  ttaaaalToa  la  a  radiation' fialAf 
l.a.  an  alootroaaoiatie  fiald  in  ufaioh  w  praaant  both  radiation  la 
tha  optiaal  fnqpmnBj  rag  ion  aa  nail  aa  radiation  in  tha  loner 
fraquanelaa*  Aeoordliif  to  Nyquiat'a  approach  tha  praaonoa  of 
thia  radiation  in  llnaar  olrouita  giToa  riaa  to  randoa  laf  *a. 
Aooordlng  to  tha  olaaaioal  theory  of  aquilibriuB  radiatloa  tha 
proaonoo  of  thia  radUtion  fiaaa  riaa  to  the  marnal  notion  of 
olwgaa*  to  can  aehiana  a  unifioation  by  raplaelnf  tha  randan 
Saf'a  by  Hio  eonoopt  of  thamal  notion  of  ohargaa  in  linear  olrouita* 


Wo  oan  than  aay  that  tha  oodatanoo  of  a  thamal  radiation 
field  aa  well  aa  tha  axiatanoa  of  thamal  noiao  in  linear  blaotrio 
eiroulta  ii  due  to  tha  thamal  notion  of  tha  ohargaa  In  tha  ajatan* 


It  ia  aov  elMT  that  to  produBO  a  ganoral  thaory  of 
olootroaafnotlc  flootaatlMia  da*  to  tho  ttaoraal  aotion  of  tho 
oharfoa  ia  a  body  w  mat  aaka  oaa  of  Hasaall'a  aqioatiaBa  but 
that  aa  oamiat  uaa  ihoa  dixaatlj*  Ihla  la  aa  baaa«ao  tha  f laid 
quantltiaa  B  and  I  Aiah  appaar  la  MuBaall'a  atHattono  rapcaaaat 
aTorafa  ar  aaaa  aalaaai  aagr  flttotuationa  la  tiia  alaroaaapla 
flalda  aa  aall  aa  ia  tta  aioroaooplo  oharfa  and  eamat  laaaltias 
haTO  baaa  aaaracad  out* 

hj  atodylnc  tha  aathod  af  obtaiatnf  Haocaoll'a  aquatlona 
from  tha  aora  fon&aaantal  aloraaeeplo  (Loranta)  aquatlona 
(llozaall*a  aquationa  for  Taeuiai)  va  oan  gat  an  inalght  aa  to  hov 
Ilo3CBall*s  aquations  naod  to  ba  aodlflad  so  as  to  Inoluda  In  thaa 
taiBs  ahloh  rapraaant  tha  tharaal  aotion  of  ohargas* 
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n  niCnODIimqg  m^wnr^TTflit 

2.1  £sBC^JgttdE£ 

HizMll'a  •qofttloM  govwm  tit*  MmtImb*  of  lorfo-ooolo 
olootroMCMtlo  plMnoatna  and  for  this  rooooii  thogr  oro  ofton 
roforrod  to  m  tho  "Morooeoplo  flold  oquotlraa”*  HoxooU'a 
oquatioas  do  not  dlroetlj  taka  into  aooeont  tho  atoaieitj  of  aattar  * 
and  aloetrleltgr,  for  at  tha  tiaa  whan  ha  daaalopad  hia  aquationa 
(1861-73)  tha  alootrioal  origin  of  nattar  «aa  not  known. 

llaxwall*a  aquationa  ara: 

(a)  ,  (b)  ,  (2.1) 

(a)  ,  (d)  ?-l«0 

Thajr  ara  four  in  nuaibar  and  inTolra  adz  quantitiaa  B,D,B,H,p 
and  J .  Ihoraf ora  in  ordar  to  -datamlna  tha  aiz  quantitiaa 
unlqualj  wa  naad  to  hara  two  aora  aquationa  at  our  diapeaal.  lha 
additional  two  aquationa  ara  tha  ao-oallad  'oonatitutiTO  ralationa't 


wMoh  aay  ba  ragardad  aa  daflning  the  dialaetrio  oenatant  a  and  tha 
aagnatie  pamaabilil^  ft,  Tha  lattar  aquationa  rapraaant  our 
azparinantal  knowladga  of  tha  plqraioal  prepartiaa  of  tha  aadiua. 
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lb»B  •zpnrlMBt  brought  to  light  tfao  olootrioal  origia 
of  aattor,  i.o.  that  oottor  oonaittod  ct  ehargod  portiolM,  Bueloi 
•ad  olootronay  LoroBts  folt  that  by  probii^  dom  to  avib-atooio 
dlataaeos  it  ahould  bo  po^aiblo  to  fonnilato  ^  oqixatiocia  «f 
olootrodIjaMiea  ia  toraa  of  ehargoa  ia  Taouva  without  tho  iatro- 
iuatioB  of  pooftorablo  dioloetrie  aad  aaipotie  aadia.  With  thia 
ia  aiad  LoraBta  propoaod  aad  atudiad  iriiat  aro  aow  oallod  tfaa 
"aioroaeqpio  fiald  oquatioBa”: 


(e) 

,  (b)  V  •  a  >  l|.«  p  » 

(o) 

^  •  0  3t 

,  (d)  V  •  h  «  0  .  (2.2) 

lhaao  aro  Juat  lfaxwall*a  squationa  for  Taeuva* 

Thia  ^ograa  whioh  ia  known  aa  tba  olaaaioal  Ihooxy  of 
oloetroaa  oonaiita  in  trying  to  explain  all  obaorrablo  phonoaana 
in  toraa  of  tho  aioroaoople  field  equatlona*  For  ozaaplo  one 
taak  of  the  aioroacopio  Ihooiy  ia  to  explain  the  dialeotrlo 
oonataat  and  aagnotio  pezaaablli'ty,  already  aaaaured  aaoro- 
aooploally,  in  teraa  of  atoalo  oonooptae 

In  abort  Loronta  regarded  natter  and  the  atoaa  oonatituting 
tha  natter  aa  oonaiatlng  of  poaitiTa  and  negatiTo  ohargea,  ooupled 
in  aona  way  and  morlng  in  vacuum,  and  the  eleotronagnatlo  field 
produoad  by  theaa  chargea»  There  ia  only  one  c3aaa  of  field  vaotor  ■ 
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namlj  that  oozraapondlns  to  tha  TaouoB;  thosa  ara  daaotad  hj  a 
and  h*  Zb  addition  tbara  axiata  only  ona  kind  of  alaetrie  eurrant, 
tha  ooBvaeticn  ourraat  nliieh  raaulta  from  lha  notion  of  tha  ehargaa* 
Va  hofot 


a  ala  o  trio  finld  intanaitj  >  h  nagnatio  fiold  intansilgr. 


p  oharfo  danaiigr, 


,  T  Tolooity  of  lha  ehargaa* 


lhaaa  ^^laatitioa  ara  to  aatiafy  tha  nioroaoopio  fiald  aquations* 
For  aaounn  (paO)  thasa  aquations  ara  idantioal  to  Moxnall's 


aquations*  Ontsida  of  nattar  aa  can  at  oneo  idantiiy  tha  Tootors 
a  and  h  with  Ihs  aneroaeepio  fiald  Taotora  S  and  H,  raspaotiTOlj* 
Boaatar  spseial  eara  is  raquirad  in  Intarprating  tha  sicnifleanoa 
of  a  and  h  in  nattar  or  OTan  insida  of  atons* 


Maxaall's  aquations  cbaracterisa  tha  stata  of  a  dislaetrie 
botaaan  tha  platas  of  a  ohargad  capacitor  by  two  waotors  B  and  P 
and  tha  dieloetrio  oonstant  t*  Iha  dasoription  of  lha  sana  body 
bj  naans  of  tha  fiald  waotors  a  and  h  ia  infinitaly  nora  oonplioatod* 
lha  a  and  h  raotors  ara  rapidly  Tarylns  functions  of  apaoa  and  tino 
whila  tha  fiald  raotora  of  Maxwell's  equations  ara  aaaunad  to  bo  eon- 
stant  (or  so  slowly  warying  that  they  ara  acoassibla  to  asasuranant) 
in  "physioally  infinltasiaal”  Toluna  elements  'of  tha  body  undar 
oonsidaration. 


"Fhysioally  infinite siaud"  Toluna  alaments  are  those  large 
enough  to  contain  napy  atons  or  noleoulas  but  iriiioh  at  tha  sana  tine 


f  ymry  mmU  with  r«spMt  to  tb*  siao  of  tbo  bodlos  bolus 

^  •» 

•onoidarod.  aoorooooplo  flold  quantitioa  I  oal  H  oro 

to  bo  rogardod  m  tho  apoeo-tlao  Man  Toluoa  of  tha  aioroaoopio 
flold  Toatora  o  and  h«  MaxaaU'a  oquatlona  la  thalr  appUoatlm 
to  aattar  poaaoaa  onlj  a  llnltod  Talldltgr  (o.g.  a  and  |i  ara  aaoro- 
paraaatara)  bOMTor  tfao  oquatlona  of  Loranta'  olootron  thaoiy  - 
la  thalr  aoupllag  cf  ttia  flalda  to  tho  obargo  and  ourront 
^lanaltiaa  •*  ara  atrlotly  valid*  Of  oourM^  It  la  naooaaazy  to 
Mha  apaalal  aaaoaiptlonay  dapondlng  on  tba  naturo  of  tto  uttar, 
about  tha  dlatributlon  of  alaotrona  In  atona  In  ocdar  to  applj 
■leraaaapio  aqoationa  to  tha  Intarler  of  nattar* 

In  tha  following  wo  glva  an  analjala  (Bt  tha  ■aoroaoopie 
aquatloaa  trm  tha  aioroaoopio  or  atoale  point  of  vlaw* 

Va  oannot  laoMdlataly  ralata  tha  aaoroaeaplo  oqMtlona 
(2«l)to  tho  aioroaoopio  aquatlona  (2*^  alnoa  tho  qoantltioa  In  (2*2) 
ara  rapldlj  Tai7lng  funotlona  of  apaea  and  tiao  whllo  tho  quantltlaa 
In  (2*1)  ara  alowly  vaxylng  funotlona  of  apaoa  and  tlM.  la  anat 
flrat  avaraga  tha  aioroaoopio  quantltlaa  orar  phjaloally  inflnltaaiaal 
ragiona* 

2.2  8paoa«tlao  Avaraaa  Rroaadura 

Conaidar  any  apaoa-tlaw  point  P(zi  ,zt  )  *nd  a 

Mlghborlng  apaoa-tlM  point  Ya  daflna  tha  apaoa- 

tlM  avaraga  valua  of  any  aioroaoopio  quantily  7  at  tba  point  P  aa 
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7(x«,Z|»Z9,X«) 


If 


.^.x’)  to;axj  toj 
tej  tej  tej  *■; 


Kp.t)  •  ^  /  *’’  /  **’ 

xhar*  ••  w  iBt«fr*tiii8  0T*r  th«  region  3C|  >  ^c*  ,  ^  •  z* 

•bout  th«  fixid  point  z«^t>X9»z«  •  Wo  wish  to  ohov: 

iriioro  os1,2,3>4* 

Utt  *i  -  *«  ■  » 

tlMB  dzj  dz*  dxj  dz^  ■  d6i  dSt  d5l  HU  *  ^  • 

Tboroforo  oo  boro 

T(Z|  ^a>X9,Z4)  ■  5  11 JJ  W(xi-f5l  »  Zg4-6t  ,  X»+Cl  »  X4-*-54)  dfl  , 

ohoro  now  in  tho  rl^t  old#  tho  ooordinotao  of  tho  flzod 
point  P  oppoor  as  paranstsrs.  Wo  hawo  finally: 

^  F(zi<fCii ,  xr*-€t,..0  “  F(xi+5i  ,  Xi-f5t  f  )  *  ^ 

^  T(z,  ,z,^ J  J  ^  P(x; ,  X* ,  X* ,  x;)  dQ  ■  ^  l(zi  ,Zt,Zs,Z4)  . 

Ihat  la,  dlfforontlatlon  and  aTaraglng  nay  bo  intorohangod.  Honoo 
«•  hOTO  for  aay  llnoar  difforontial  oqnatlon  D(P): 
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5(17 -DdO 

W«  eaa  now  tak»  tiM  vnrt^  of  both  oiteo  of  our  aiero- 
Mople  oquotiono  and  uoo  tiio  obevo  rolatlwi  to  roploeo  tho  OTorofoo 
of  tho  dorlTotlToa  of  tiio  flold  quaatitlas  bj  tho  darloatlToa  of 
tho  oTara«o  of  tha  fiald  quaatltioa.  Wo  havo 

(o)  ,  (b)  ^  (2.3) 

(o)  7  X  o  -  -  i  ^  ,  (d)  7  •  h  .  0 

Slaeo  aaittaor  p  nor  pr  oeeor  in  oqootiona  (2.3o  )  and  (2.3d  )  «o 
ean  ionadlatolj  oako  Iho  foUowiag  idontifloatlona: 

^  0*1  and  h  ■  B  .  (2.4) 

On  oabatihatlns  thoao  rolotiona  in  oquationa  (2.3a  )  and  (2.3b  ) 

10  cat:  ^ 

^  ®  •  o  ^  »  (2.5) 


7  •  I  *  4«  p 


(2.6) 


Thoao  oquationa  an  to  bo  ooaparod  with  tho  aaeroaeqple  oquationa x 


At  this  peiat  «•  omn  proMtd  la  two  tnors^*^*  Siao* 
BiitlMr  9t  tb«  two  mjB  oppoora  to  to  woU-kaawB  wo  ootllm  both 


Bolhoda. 

(1) 


Iff  la  oquatloa  (2.2a)  and  (2.21^,  wo  Introdueo  olootrie 

•»  « 

and  aacDotla  polarlaatlon  wootora  P  and  H  (tha  alaetrio  and 
Bifnatio  aoaanta  par  mit  volwOf  raapootlwalj)  hp 

RbB'AwH  and  BbBoAvF  (2.7) 

(2.8) 

wo  obtain 

?♦•»><■]  I  (2.9) 

••  ♦ 

V*BaJiw[p^*VP]  •  (2,10) 

la  will  bo  ablo  to  aaj  that  MaxwoU'a  oquationa  fellew  froa  Iho 

aloroaaoplo  oquationa  if  it  oaa  bo  ahown  that,  in  tha  aanao  of 
our  dafinltiona  of  aTorafo  Taloaa  wa  haww 

PT  «  J*Pi*o?xM  ■  Jo  ♦  Jp  ♦  4  ,  (2.11) 

i*' 

p  -p^-fPwpt-Pp  .  (2.12) 

la  firat  oaloulata  tha  oonduetion  and  palariaation  ourranta  J^  and 

raapaetiwalj  and  than  tha  aacnatiaation  ourrant 


Xb  attMptlag  to  doooribo  tho  proeosMo  oeourrlac  in  a 
■atorlol  body  m  ooaoidw  tho  body  oo  on  ooooably  of  oovtrol  otoow, 
aontrol  aoloeuloa,  ioaa  ond  froo  olootrooa.  Xho  oia^ot  prooooo 
ooBtrlbntUg  to  tho  tronoport  of  blootrlolly  io  duo  to  tho  Botioa 
of  tho  lono  oad  tr—  olootroao*  Ao  oloetrlo  f lold  or  o  eharfo 
doaaity  frodloot  oUl  gioo  rioo  to  o  dlrootod  Mtlon  of  tho  ohorfod 
portieloo*  Thio  flvoo  rioo  to  tho  oonduotlon  eurront  Jg*  Xho  ioao 
oad  froo  oXoetrono  oloo  oontrlbuto  to  tho  ororofo  diorgo  donoilyi 
thlo  oontribation  oorroopoado  to  idiot  lo  eoUod  la  loxooU'o  thooxy 
tho  tmo  flhorfo  doaolly  Pt* 


Vo  BOV  eoaoidor  tho  pelariootloB  eiarroat  jp*  earront 

oriooo  fTca  tho  oeatrlbutioiio  of  nontrol  oteso  ond  boIoouIoo*  Ib 

♦ 

■oxvoll'o  thooxy  tho  poloriootion  P  io  dofiaod  oo  tho  dlpolo  aoMat 
por  nait  toIbbo.  It  oriooo  fToa  tho  rootor  ooa  of  tho  dipolo 
Boaoata  of  tho  iBdlTidaol  otooa  ond  ai^ouloo*  Lot  p^  bo  tho  dipolo 
aoMnt  of  tho  i'^  aolooulo  and  lot  thoro  bo  N  aoloouloo  por  unit 
Tolnao.  Ihon  tho  poloriootioo  Toetor  oon  bo  vritton  oo 


(2.13) 


Lot  tho  oharfo  ond  ourront  diotributiono  la  o  aolooulo 
bo  giTon  by  p  and  pr  ,  roapootiTOly.  Xho  roaulting  olootroaacnotie 
fiold  oon  bo  ohorootoriaod  by  o  aoolar  and  o  vootor  potontlol  givon 
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.  jjj  — — - a-  4C  df  ae  , 


(2.14) 


■*/  %  fff  -  J ) 

4(xjr,*,t)  -  III  - - - *-  dC  An  as  ,  (2.15) 


SokMMtie  dlagrtt  f«r  traliMtlnt  #  ud  A. 


r  .  J(*-0‘  ♦  (y-n)‘  ♦  (•-«)“  , 


r  «  E-r' . 


(2.16) 

(2.17) 


Tttk*  Hi*  orlfln  to  bo  loootod  at  tho  oontor  of  tho  aoloeulo  and 
oonaidor  tho  fiold  at  a  point  for  wfaiob  |e|  >»  |r'|  (E  »>  d). 
Than  «•  oan  aako  tho  approziaationo 


r»  ^4^Ur**-2r'.  E  a  E  - / 


1  1 

r  "f 


1-' 


■«  »E 


-5  a  y  ♦ 


1  .  (r*  «  E) 


nr 


•••  j 


(2.18) 

(2.19) 


and  arito 


-21- 

p(r*,t-J)»  p(r»,t-f  ♦ 

«  )  ♦  ...  (2.20) 

Hmm*  m  «aa  writ* 

*"i  lljp  III  to* 

*  ^  III  (2.21) 

^  ■  A  ///  1*0  ///  ^***‘*^ 

*  III  (***‘*)  H  ^P^^  ♦  •••  (2.22) 

whoro  to*  ■  dC  di}  dS  , 

By  uolng  tfao  foUovlng  Uontltloo  mad  oarzyliig  out  o  portial 
Intofratlon  «•  oan  roorlto  tho  rl|^t  hand  tldas  of  tbo  oxproaolono 
for  ^  and  A  : 

pr^  ♦  5V  •  (pr)  -  ^  (P^  O  ♦  ^  (pT,,  ^  (P^  «)  ,  (2.23) 

pT^  €  ♦  pT^  €  ♦  €*V  •  (pr)  .  ^  (pr^  5*)  ♦  ^  (pT|»€*) 

♦^(pT^€*)^  (2.2i^) 
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pT^  If  ♦  pT^€  ♦  €4V*(Pt)  ■  ^  ^  (p^iyClf) 

(2.25) 

••f .  CMUiUr  tiM  x-ooafOMBt  of  J  pr  ir»,  that  io>  ^  pr^  dC  dif  dg  . 
tJoiag  ttao  first  idsatllgr  «s  sibtslB 

jJJ  f»^|f  4*f  «  -  -  III  CV*(pT)d6  df)  dg  4  III  (pr^g)  dg  df}  dg 

||f  ^  (?▼!,«)«*»  «  «  ♦  lll^  (pT^C)d«  dg  dff  . 

Csnylac  out  s  psrtlsl  Intogrstion  in  ths  Ust  tfarss  tsru  ss  aro 
Isft  with  s  sorfsos  Intogrsl  idiieh  osn  bt  Mids  to  Tsnlsh  slnos  vs 
osa  aoTS  ths  mirfsos  outslds  ths  volsouls.  Is  srs  Isft  with  ths 
rslstloB 

III  «  dl|  dg  .  -|||  gV.(pT)dg  dfl  dg 
or  in  Tsotor  notation 

/  pr  dr*  «  -/r*(7  •pr)  dr*.  (dr*  >  dg  di;  dg) 
FlnsUj  \tslnc  ths  squstion  of  oontinoltT’,  +  F'Cpr)  ■  0,  ws  obtain 
I  pr  dr*  m  I  r*  p  dr*  . 

Rrssssdlns  in  a  sinilar  fashisn  for  ths  othsr  tsrvs  in  ^  and  A,  wo 


sbtain 
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♦  JpCr*«l]«r*  ♦it  J  *‘*A**‘'  ■  ^  (2.26) 


(2.27) 


^Mr«  M  httv*  dtflzMd  tht  •Isotrio  and  nagnatle  dipola  noMats  tat 
a  oontiniMua  dlatrlbutlon  of  ebarga  by 


p  «  I  pr*  dr'  , 

^  if'*  "*  * 

■  ■  /  (r  X  pt)  dr*. 


(2.28) 


(2.29) 


Tha  raavlting  azpraaaiona  for  tha  scalar  potantlal  ^  and 
tha  Taotor  potantlal  A  ora  Just  thosa  afaioh  wotild  ooour  if  aa  wara 
to  eonsidar  tha  scalar  and  aaotor  potential  for  aa  alactrlo  dipola 
of  dipola  noaont  p  and  a  nagnatio  dipola  with  dipola  noaant  n. 

That  is,  «a  oan  regard  the  nolooula,  as  far  as  its  field  is  eon- 
oemod,  as  oonslstlng  of  an  olaotrie  dipola  and  a  nagnatlo  dipola. 


If  ws  wish  to  raplaoa  the  continuous  distribution  of 

♦  ^ 

eharga  bj  o  dlsorata  one  we  need  aerely  to  redefine  p  and  a  as 


fellows: 


(2.30) 


ri  X  Si  Ti 


(2.31) 


2k 


(that  is,  rsplsos  ths  intsfrstios  hy  s  susBstloo  orsr  all  tha 
diaarata  aharfas  a^  la  a  ginn  Mlaeula)* 

la  aaaoM  that  tba  tatal  anabar  of  nautral  aolaeolaa 
par  tmit  toIom  la  R  and  lat  thaaa  oonaiat  oft 

n«  ■elaottlaa  of  tjpa  1  • 
at  Bolaoulas  of  tjpa  2  , 

as  aolaeolaa  of  tjpa  a. 

Wa  hara  RBa«4-Bt^as4>.**»  Ya  daaota  tha  alaetrlo  aoBoat  of  a 
aalaoula  of  tTP*  >  tj  ^  |  ohara  tha  soBaatlea  orar  tha 

iadaz  i  iapllaa  a  anawtioa  ovar  all  tha  diaarata  ehargaa  a^ 
oonatitotlag  a  gl-ron  aolaoulo  of  tJP*  *•  eonsldar  tha  ehanga 
in  tha  dlpola  Boaont  of  aaoh  aolaeula  iriiieh  raaulta  fToa  tha 
dlaplaooMnt  of  tha  firat  alaetron  through  a  diataaea  Sr«,tha  aaeoni 
aloetron  through  a  dlatanoa  trt  and  so  forth*  Lat  tha  displaeaaant 
<rj^  of  tha  i'th  alaotron  hara  eoaponants  di ,  iJi ,  ^  la  tha  x~  ,  j- 
and  a**diraotloiis,  raspaotiaalj*  Tha  total  oharga  (balonging  to 
■olaoulas  of  tjpa  a)  idtioh  passas  throogh  a  sorfaoa  alaaant  dS  ^losa 
nomal  is  parallal  to  tha  x-azls  is 


i 


If  is  tha  Toloolty  of  tha  i*th  alaetron  wa  hara  tha  ralation 
Ir^^  ■  *  Iharafora  a  ohanga  in  tha  dipola  BOMnt  p  rasults  in  a 
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tn  Hm  x-,j- ,  and  s«dirMtioaa  r«spMtiT*3jr*  Aat  is,  s  ohsofs 
in  tlw  dlpols  aoMiit  p  of  s  aolsoiils  of  Igrps  s  rssults  in  s  ourrsnt 
is  *  •si  ^ci  *  Ar  •  SoBMing  oTor  all  tgrpBs  oif  aolaoulos  va 
find  tha  total  polarisation  ourrant  Jp  to  ba 


»«  Pb  ■  P 


(2.32) 


Ohara  P  ■  ♦  na^  ♦  •••  b«:^  ♦  •••  ,  is  tha  total  olaotrio  dipola 

■OMot  par  unit  toIubo. 


It  iMadiataljr  foUoas  from  this  rasalt  that  a  diaarganea 
of  P  mat  bo  assooiatad  with  tha  saaraga  oharga  danaitj  p  oawi  if 
thara  ara  no  ions  or  tr—  alaotrona  prasant.  This  is  tha  oontribotiMi 
to  tha  aaaraga  oharga  dansitjr  whioh  arisas  fron  tha  prosanoa  of 
nautral  atoas  and  nolaoulas.  A  ehanga  of  — dP  in  tha 
polarisation  P  raaults  in  a  oharga  of  aagnituda  dSdPn  passing  out  ■ 
of  a  Toluao  olanont  dr.  Proa  tha  oonsanration  of  oharga  wa  oan  writs 
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Ateardlag  to  tho  elMoieol  ttioocy  at  oltotrMio  o  Mcnotio 

boo  ita  oricla  In  tho  nofOMut  of  dhorfoo*  For  tho  oaqplonotloo 
♦  • 
of  tho  Mcnotio  Boaont  ■  of  on  otoa  or  nolooulo  no  anot  ooiiaw  that 

ohorfoo  la  tho  otea  aro  la  aotion*  Vo  oan  oonolAor  thoao  ohorgoo 

<* 

aa  folat  ohargoo  o^  aorlag  with  Toloeltlaa  or  ao  a  fooltloa* 
Aapoaiont  onrront  donoltj 


Vo  again  aoaaao  that  tho  total  nuohor  of  atoao  par  unit 
▼oltaM  la  N  and  lot  thoao  oonaiat  of 


n«  atoao  of  tgrpo  1  , 
na  atoao  of  tgrpo  2  , 


n,  aoloouloa  of  tjpo  a* 

Vo  baTO  If  ■  ni  ^nt  ♦  •••  n^  4-  •••  •  Tho  aagnotiaation  or  tho 

total  aagnotlo  aoaont  par  unit  Toluao  ia  glTon  hj  M  -  mat  ♦  nta.  ♦  . 


Conaldor  a  "atationary  ourront”  J  la  a  plana  loop  onoloaing 
^  A.  Lot  a  bo  tho  oreaa-oootional  aroa  of  tho  loop  and  lot 
dl  bo  aa  oloBOnt  of  longth  of  tho  loop.  Than  wo  haoo 
J  At  ■  Ja  dl  ■  J  dl.  VroB  tho  dofinltlMi  of  aagnotlo  aoaont 


■if 


r  X  J  dT  , 


r  X  dl 


o 


no  haTO 


Bm  MCMtlo  ■ftnt  of  on  atoa  duo  to  a  ourront  donaity  j 
or  aq;aiTalaBt3y  duo  to  tho  quaal-otatlonary  aotion  of  tha  oonotituant 
olaotrona  io  glvaii 

dr  ,  (2.36) 

(?1  X  Ti)  (2.37) 

i 

roapaotioalj.  lha  horlsontal  bar  Indioatas  a  tiaa  araraga  e«ar  tfaa 
Tarioufl  ocblta  of  tha  oiroolatiag  alaotrona. 


In  ordar  to  aaa  how  tha  apaoa-tiaa  ararafa  of  a  eurrant 

♦ 

danally  in  an  aton  or  nolaeulaa  givaa  a  oontrlbutlon  to  tha 
ararafa  ourrant  danalty  pr  m  trill  oonaidar  a  trazy  aiqpliflad  nodal. 
Ya  aaataw  that  tha  ourrant  loopa  in  an  aton  oonaiat  of  aqual  plana 
ring  ourranta  of  araa  A  and  aagnituda  J.  Lot  thara  bo  n  auoh  ourrant 
loopa  par  unit  toIum.  Va  now  prooaad  to  oaloulata  tha  total  ourrant 
whioh  thraada  a  raotanglo  aboaa  plana>araa  liea  in  tha  ya-plana 
and  ahoaa  aidaa  ara  of  langtha  a  and  b  in  tha  y-  and  a-dlraotiona, 
raapaotitraly.  Ya  only  cfbtain  a  oontribution  to  tha  total  raaulting 
ourrant  15c  ^  ourrant  loopa  ara  thraadad  by  tha  aidaa  of  tho 
raotangla. 


Currant  loopa  for  araluation  of 


Coaslitr  tiM  *to«lo  eurrvnt  loop^  iriiloh  ar*  thraadad  hj 
ika  alia  AB.  la  aaawa  liiat  tha  y-aaapoaanta  of  a 

■f -JV 

of  all  tha  atoBS  ara  tha  aaaa.  la  nov  an3jr  naad  to  find  tha  anaibar 
^  atflM  ahiah  haaa  thair  enrrant  loopa  tliraadad  by  IS*  Cooaidar  a 
aylladar  of  laafth  a  and  eross-aaotion  1  oa*  idtoaa  axla  Uaa  along 
JS,  Xhia  Tolnaa  ooataiaa  Ha  atona.  Iha  probability  that 
oorrant  loop  in  tiila  oyllndar  ia  thraadad  hjlSiM  giaan  by  tha 
ratio  of  tha  y-eoapoaaat  araa  of  tha  ourrant  lo^  and  tha  oroaa- 
aaational  araa  of  tha  cgrllndar,  that  ia,  by  If  tha  ij-araaa 
razy  aa  naad  oaly  to  aaaraga  ovar  tha  dlffarant  aalnaa.  In  tha 
laagth  3  aa  haia  a  aontribixtion 

JnmAj  m  nmowj  >  aol^ 

J  SaO 

to  tha  onrraat  ,  ^lara  1^  ia  tha  y^oapanant  of  aagaatiaatlan, 

M«  la  apply  a  aiailar  analysis  to  tha  otfaar  thraa  sidas  and  find 
thatx  tha  atoas  thraadad  by  15,  and  BC  giras  oontributioas 


-•v] 


> 

^•■s1 

$ 

+bo  11.1 

J  sab 

J  yaO 

Jyaa 

raspaotirsly,  to  tha  tatal  oorrant  passing  through  tha 

raotangla  ah.  Adding  tiia  oontribntions  fToa  tha  foor  sidas  aa  hara 
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■■■*■•  ^  ■tfMtJjiatlo®  H  t*  ¥•  a  ooatiaMas  foMtlon  nt 
poaitlM,  uA  also  lhat  lha  litea  of  tte  Motai«la,  a  aai 
*^*f**^^3y  in  aiall|  thOTifcra  va  ean  aaka  a  Tiller  4<m« 

oni  ebtala  lAm  ttUlmAmg  roaolt: 

^ab  .  0  a  -^-b  ♦  b  •  oab(7  x  1)^^  . 

li  aan  fiad  and  7,  la  a  aiailar  faahloa.  In  gaaaral,  *h^ 

4«  e?xM  (2.38) 

^bab  da.  ilia  aloobsroalo  ouRranb  daapa  la  aautral  atoaa 
aad  Bolaoulaa  fira  a  oontributlon  J^soVxH  totha  araraca 
currant  danaitjr  pT. 

(2)  mtiMdi 

la  afala  oonaldar  tha  problaa  of  oaleulatiac  tha  ararcfc 
oharga  danaitj. 

Tha  oontrlbutian  of  f^a  alaotroaa  and  ioaa  to  tba  ararago 
oharga  danaltgr  glraa  riaa  to  a  diarga  danaitjr  ahioh  in  lascaall'a 
thaocy  la  oallad  tha  trua  oharga  danalty  pt* 

In  ordar  to  oaloulata  tha  oontributlon  of  nautrol  atoaa 
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moA  MlMulM  tlM  «iMrf»  tendtj  it  is  osonrwdMt  to 

of  tho  liolootrio  oo  trokon  vp  into  a  oocy  lores  iwibor  of 
"ylqroioollj  iaflaitoalaol*  voImm  oloMsto.  Hi  look  for 

^  Iko  oo-oollod  froo  ohorfo  ionoitj  of  NmtU'o  tkoocy 
ia  ohoaeas  of  tte  iaaoi^  of  tho  diotrihutioa  of  otoM  oai 
aeloonloa  at  Iho  bomdaiy  of  two  oAjaeoat  toIom  oloaoats.  Tor 
forpoooo  of  oaloolatioB  oo  laoflao  tho  iriMla  oharfo  of  oooh  atoa 
to  ho  oenooBtratod  at  soat  poiat  of  tho  iatorior  of  tho  ataa. 

Xa  Ihio  piotoro  tiioro  oil!  ho  ao  avoroco  ohorgo  ioaailgr. 

Wo  arriro  at  tho  aotual  eharfo  diatrihotioa  hj  aoTiag 
oaoh  ohargo  loaoat  haok  to  tho  poiat  it  aetoally  oooi^ioo.  This 
•111  aaks»ao  dlffomso  as  far  as  atoas  sitoatod  oatlroly  oithia 
ths  hondariss  of  a  "physioolly  iafiaitoslaal*  rolaw  olnsat  oro 
ooDoaraod.  Hoootor,  If  aa  atoa  is  oit  hy  tho  hoaBdaxy  of  Ihis 
Tolaao  aloaoot,  part  of  tho  ohargo  will  roaain  in  this  toIwo 
•laasnt,  #iilo  tho  rost  will  oontrihuto  to  tho  ohargo  oontoinod 
in  tho  adlaoont  toIobo  oloaont.  Tor  a  anlfora  dlstrihutlon  of 
atoas  Ihis  hooadaxy  offset  will  oanool  on  tho  oTorago,  hut  if 
thsrs  is  an  inhoaogonoity  in  iho  distrihati«i  of  atoas  a  not 
offset  will  result.  This  will  ho  tho  so-oallod  froo  ohargo  donsity. 
Wo  will  regard  tho  olaaonts  of  ohargo  ia  a  Toluao  Olsaont  as  hoing 
ia  fixed  positions  and  wo  will  also  disregard  all  Tariations  of 
ohargo  dansity  wllh  tiao. 


♦ 


li  fix  tlM  potitloii  ct  aa  atoa  bj  tow  polat  P,  mj  tba 

MBtar  af  Hia  at«B*  Tha  paaition  of  asgr  othar  point  of  a  givan 
^  ♦  ■* 

at«i  ia  apaalfiad  bj  tha  aaetor  r,^  -  PP^  •  Bw  eharga  Aanaity  la 
animi  to  ba  an  anlloit  fonotioii  of  P  ant  r.« 


onlj  to  9vm  oaar  all  oriontationa. 


la  group  tha  atom  in  a  glaan 
pfagrsloallj  iaflnltaalaal  Toluna 
oloaont  aooordlng  to  thair 
orlontatloa  in  apaoo*  Tor  roasona 
of  ainplioitj  aa  alll  oonaldor  oolj 
atona  of  ona  orlantatlon  (that  is, 
atona  ahioh  oan  bo  aada  to 
oolneida  bj  a  alnplo  tranalation). 
To  ganaraliao  our  roault  for  anj 
diatribution  of  atona  aa  nood 
Wb  oan  do  thia  abon  aa  dofina 


tha  polarisation  P.  Lot  dS  bo  a  phsraioallj  infinitoalMl  surfaoo 
olonont  at  tha  point  P  ahioh  sonatas  tao  adjaoont  toIwo  olonanta 


in  ahioh  tha  nohbor  of  atona  K(P*)  ia  aaaunod  to  Taz7  fTon  point 
to  point!  thia  atonio  danaity  ia  aasunad  to  bo  oontinuoua  on  tha 


physloallj  infinltoalnal  aoalo,  Conaidor  an  aton  aituatod  at  a 


point  P*  in  tha  noiihborhood  of  tha  boundary  dS,  and  iaagina  tha 

iholo  ohargo  of  tha  aton  to  haaa  boon  ooneantratad  at  P*;  lot 

•* 

bo  an  olonont  of  ohargo  of  thia  at«i  ahioh  ia  aotually 

♦ 

aituatod  at  a  point  P|^*  If  tha  Tootor  oroasoa  tha  aurfaoo  dS, 
tha  ohargo  p(P',r|^)dT|i,  brouiht  book  to  ita  original  poaitlon, 


(a)  Hm  "ilqrsiMaij  inflnitasiMa*  TdoM  alMiit. 


(b)  Possibl*  positloM  of  Atou  in  the  Tleinltj  of  S. 


(«)  Diafrea  for  OTaliution  of  the  ohergo  traneportod  aeross  dS 
la  the  dlreetloB  r.. 


will  b«  iMt  to  ^  pl^olooUj  inf Inltooiaol  toIom  oloaont  in  "Moh 
tho  point  P*  la  altaotod.  la  odd  nil  alnllor  oontrlbutioos  to  tho 
ohargo  eroaalng  tlw  aurfooo  dS;  this  is  dons  tw  oil  otcM  iddeh  Ho 
on  olttor  aldo  sf  ^  wrfoeo  dS*  To  porfoxn  tho  sunnotlon  wo  first 
kaop  tho  rodlBS  wootor  find  and  odd  19  tho  oontribotloas 

P(^**^a)^o  otons,  than  wo  Intogroto  owor  tho  Tolms  of 

••  ^ 
tho  oton.  For  a  glwon  r*  tharo  aro  oqual  oontrlbutlons  p(P*,Pa)4^a 

ftpon  all  atoas  oontalnod  In  a  opllndor  of  baso  dS  whoso  boight  is 

tho  pro joetloB  of  on  tho  nnrnal  (dofinod  by  a  unit  woetor  n)  to 

dS  at  P.  If  r*  Is  a  unit  wsotor  in  tho  dirootion  of  and  if  r* 

la  tho  dlatanoo  nsasurod  ftron  tho  baso  in  this  dirootion,  than  tho 

ohargo  transportod  aoross  dS  owor  tho  dirootod-distanoo  r^^  it  giwoa 

by* 

r*  ^  ^ 

H(P')  dSdr*  (rj  ‘n)  ‘pCPSr.)  dT*  .  (2.39) 

Iho  slowly  Torjlng  funotiobs  p(P*,r^)  and  N(P')  nay  bo  ozpandod 
about  tho  point  P  girlng 

p(P'»r«)*p(P+P'-P,r^)  m  p(P,ra)  ♦  (P'-P)  'Vp  P  ♦  ...  , 

H(P')  «  K(P  +  P*  -  P)  «  N(P)  ♦  (P*  -  P)  •  7p  H  ♦  ...  .  (2,40) 

-  p(P*,^,)  H(P')  w  p(P,r.)  N(P)  -  r*?J  -Vp  pN  ♦  ... 

Wo  koop  only  tho  first  tom  of  tho  oxpansion  and  on  substituting 
this  tom  into  tho  oquation  (2.39)  wo  got:  • 


^  ^  ♦  fT* 

«r^  d8  ■  ll(P)p  (P»r|^  (r*  *11)  d%  I  dr*  •  (2*41 ) 

''0 

W%  iktalB  atm  Mt  chart*  ahioh  erosaas  tha  aorfaaa  alaacnt 
dS,  1b  lha  diraatlaB  b  (liiaB  th*  aharfa  diatrihotioD  1b  tiia  atoaa 
la  raatarad)  hj  latagratlat  orar  tha  toIom  of  lha  atoa.  Thi* 
flraat 

a^  dS  ■  B«J  r^p  (P,r|^)  lf(P)  ,  (2J»2) 

atoai 

alaea  r*r*  ■  rg^. 

To  oaloulata  tba  fra*  oharfa  p^  dr  oomtalBad  1b  a  ptagraloallj 
InflBltaalaal  toIom  alaaaat  aa  intacratc  tha  aspraaaien  (2*i»2)  oror 
tha  aatlra  baandacy  of  tha  toIom  alaaMot,  tha  tranapcrt  of  oharga 
at  aaeh  point  la  takan  la  th*  Inaard  dlraotlon.  Ih*  apao*  daaalty 
of  tr—  oharg*  la  thua  daf load  hgr 

dT  »  -  J  or^  dS  •  (2.43) 

hotmdazy  of  dr 


^7 


W*  dafin*  tha  alaotrio  dlpol*  of  th*  atoa  at  th*  polat  P 


P(P) 


•  I  (P.'a)  ^▼a  f 

atoB 


(2.44.) 


and  thaa  raarit*  th*  azpraaalon  (2»i»2)  la  th*  foUowisf  fora: 


o^ddBpIf'ndS  . 


(2J^5) 


Sh«  MMttt  fUT  tndt  tali—  er  tte  polarif*ti«i  P  (^kia  it 

*  tmrtttn|>1t  qfuntitj)  eta  be  erittae  et 

P(P)  ■»(P)p(P)  .  (2^) 

It  m  mat  te  •Baaraliaa  eur  ratulte  to  inelnla  eiaat  af  diffbreat 
tpetiel  crleatetlaBa  «e  tea  ever  all  crleatatioat  tad  arita  tite 
pelariaatiea  at 

P(P)  -  (P)pt(P)  .  (2J^7) 

• 

la  aaa  rearlta  tha  aguatioB  la  teraa  of  the  pelarlaatiMk  aai  ebtala 

tfaa  reaoli  ^  ^ 

tj*  AS  ■  P  •  a  dS  •  (2JI»8) 

If  la  iaaart  thia  raaalt  la  aq:aatioa  (2»43)  «•  obtain 

Pf  At  -  -  /  P  •  a  dS  ,  (2.49) 

boaaAazy  af  dr 

aad  aa  aabing  aaa  ef  Gaaaa*  tbaaraa,  m  find 

At  »  -  V  •  P  At  ,  i»a«  p^  ■  -  V  •  P  ,  (2*50) 

We  aaa  now  arite  the  aTtrafa  oharga  daaaity  aa  fallawa 

P  *  Pt  ♦  Pf  ■  Pt  "  ^  •  (2.51) 

If  aa  aAatitata  thla  raaalt  la  aqnatioa  (2.2b)  aa  fat 
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f  *1  ■  4«  p  B  4v  -  ?  •  4v  P  , 

f*(l^4»P)  b4»p^  .  (2.52) 

Vt  mm  wit*  tid*  la  th*  ■naMlUan  tmm  (am 

(2.14)}  47  latrodMl^  th*  •l*etrl*  <i*p1>**—nt  D  b  I  ♦  4v  P,  aai 

h*M*  **  hamt 

7*»b4»p^.  (2.53) 

Vt  now  iroo**d  to  outlln*  th*  omluotlon  at  th*  ***r*2* 

ourroat  4*B*itp«  With  di*  wwoptioa  of  •ortnla  oh*r*ot*rlstlo 

\ 

ilff*r*n***  th*  ealoulatioB  of  th*  *T*r*c*  ourroat  doasltf  1* 
•aalafoaa  to  that  of  th*  otw^  oharc*  donaily. 

Za  ord*r  to  ondiMt*  di*  avorac*  ourroat  donaltjr 

oharg*  doaaitr  !•  aastaod  to  4*  a  fnaotioa  of  th*  tia*  t,  a*  wall 

•* 

a*  of  th*  pooitlon  P  of  tti*  atoa  and  tha  radio*  Tootor  r^* 
lIoa*v*rf  only  alow  irariations  of  oharg*  and  ourrant  danalti**  ar* 
takon  into  aooount*  Aagr  rapid  fluotuatlona  are  aaoothad  out  by 
aearaglag.  Slnoo  auoh  tiao-aTorag**  do  not  ohaag*  tha  fora  of  th* 
oxprassiras  to  ahioh  th*y  ar*  appliad,  thoy  ar*  laft  out  fToa  th* 
following  ooaaldoratlona*  In  addition^  it  i*  ouatoauoy  to  naglaot 
th*  tiaa-rariatlona  of  th*  diatrlbution  of  atoa*  and  to 
only  atatlonazy  diatrlbution*  of  atoa*  oharaotarlsod  by  a  apatial 
fnnetlon  If(P')* 

A*  in  aathod  k  th*  aotlon  of  ion*  and  trm  •loetroa* 
giT*  ria*  to  a  oonduotion  ourroat  donaliy  jg. 


Itvtnl  atMS  tMtrikvto  t»  th*  •vrvat  dtatilgr 

•VM  i*Mi  «lMlr  4Utr£k«tlM  U  vdfm  sIbm  th* 

J  W  ir^  (2,5i) 

«t«i 

iM*  Mt  iB  fMMrml  Buddi.  Bw  eoBtriWtlM  9t  aratral  atoM  to 
tlM  ooMToco  owrottt  doaoitj  is  eoUod  tbo  polulMtioB  mmst 
*— 1'^  oBi  io  gloni  tj  tho  osgrosalMi 

^  •  »(P)  I  frj}  (P.t^ J  It,  .  (2.55) 

oi«i 

9m  o*tlBl  iBhwfOBOi^  ff  tte  ilatrltatlMi  if  ot«M 
flTli  Iloo  to  tlw  BlfBOtlsotlMI  OorrOBt  iOBiitjt 

4  4t  •  -  I M  •  II(P)  I  (p.t.^,)  (a  •  r,)  dT,  . 
boandoiy  cf  dr  ot«i 

A  oortola  olBpltflootloii  la  nototioB  rooolto  If  oo  aiko 
«M  if  tho  rolotlonohip 

■  (pr)  (P,t,r»)  ,  (2.56) 

With  this  BOtotlOB  VO  OOB  wito 

1,  •  »(p)  I  J  (P,t.j,)  «T,  ,  (2.57) 

OtOB 

4  4t  -  -  I  dS  •II(P)  p(F,t,rJ  (b  'rj  4t.  . 
hoaBdiS7  of  4t  otiB 


(2.58) 


&i  all  if  tka  ikava  aoqpratsiaaa  la  hava  lialtai  tta  Tajlor  asfaaalMi 

if  tka  ataaia  flatrikatiMi  «(P*)  ta  ita  firat  tarn,  tlHit  la,  «a 

<♦  ♦ 

V(F)  nt  aiailarlj  aa  haaa  liMtaA  tka  a^aaalaa  if  j(F*,t,r|^)  ta 
ita  firat  tan  l(F,t,r^.  fkla  la  aaaalataat  altk  tka  atqaaBlaaa 
aaat  la  tfalaatiaf  tka  avaraca  akarfa  iaaaity. 

Tka  afaraja  euiraat  Aaaailgr  eaa  tharaf ora  ba  arlttaa 
aa  tka  aoB  af  tkraa  tana 

^  -  Ja  ♦  1,  ♦  4  .  (2.59) 

akara  4*4  4  Aaflaad  abava* 

i* 

li  saw  praaaad  to  traaafMna  tka  aaqraaBlaaa  far  4 
4  iBto  asqpraaaleoa  ahleh  ara  aara  faailiar* 

Va  aaltl]^  tka  a^iatiao  af  oontlBadtj 
aai  tiiao  intofrata  tka  raaultiiis  aocpraaaima  arar  tka  TolaM  of 
tka  at«.  Va  tbtaia  tka  ralatiia 

J  ra  ^  4t»  ■  -  J  •  j  iTa  .  (2.60) 

at«i  atn 

(tka  4lTarfaiiaa  la  talcan  altk  raapaat  .to  tka  oaardlaataa  af  tka 

poiat  fklla  tka  point  P  la  kapt  flxai.) 

• 

Tka  rl|kt  kaal  aida  aogr  ba  alnpUflad  by  parf oraing  a  partial 
latofratloB.  Of  tka  twa  raaaltiag  tana  only  ana  raaatlaa,  alnaa 
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i»  OM  m  ar*  l«ft  w<th  a  aarfaaa  iatafral  ahiah  aaa  ba  aaia  ta 
Taaiah*  Igaatioa  (2*60)  baoaaaa 

I  It  *^a  ■  I  4  *^a  . 

ataa  ataa 

Araa  tha  daflaitiaB  «t  tha  blaatria  4ipala  ■—ant 

at— 

—  bbtala,  bj  dlffar— tlatlag  with  raapaat  to  t,  tha  ralati— 

ataai 


Wa  ha—  Hiaraf  ora 


(2.62) 


at— 


fa  a—  arita  tha  azpraasi—  far  tha  polarisation  eurrant 
4— ait7  as  follows: 

Jp  r  I(P)  J'5(P,t,J.)  dT.  , 

at— 

•  »(P)  It  ■  H  ' 

r 


(2.63) 
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••  ♦ 

iriMT*  w  hmy  itflatd  P  ■  1^. 

Vi  iinyllfy  ^  Mq^aslMi  far  tlM  MfnatlsatlaB 
aarrant  iauilj  |y  aaklBg  aaa  af  tika  ralatian 

I  («  •J)ra  ♦  I  UTjj  ir^  m  0  (2,64) 

Ataa  atcB 

ahiah  faUoaa  trm  Ilia  aquatlana  (2.23)  -  (2*25)  •  Bia  aqnatlaa 
(2*^)  aaa  4a  wlttan  in  tha  fan 

-  j  (u»T^)i  J  j  [(a  •j)*rn  -  (a*r|^j]  4T|^ 

*taa  ataa 


ataa 

«  an  X  ■  .  (2.65) 

lAara: 

■  “  ^  /  ^**a  *  J)  •▼a  .  (2»66) 

ataa 

•* 

Va  ean  aaa  arita  tha  axjraaaioa  f ar  aa  fallaaat 


I 

I 

n 

D 

a 

ii 

[i 

II 


f 

I 

ii 

u 

i] 

i 

o 

I] 
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4t  ■  -  J  dS  •  ll(P)  •  J  j(m  •  ra) 


bModtty  of  dT  mtm 


I  *8  "(P) 


•  B  X  ■ 


Wodory  mt  dv 


m  *  ej  BXldS 
benndaxy 


(•IBM  1  •  Ih) 


«  4-07  X  Mt  . 


(2.67) 


Aorofwo  m  bmw  Jb  ■  ^  *7  x  1  u  datirod. 

2.4 

Igr  oMuidorlag  tho  dorlTmtloB  of  lazMll'a  ogaatloao  from 
tho  'aioreMople  oqmtions*  «•  haTO  attaiaad  a  Bora  faTourabla' 
TBBtafa-palBt  fk>aa  ahioh  wa  oaB  foUaar  Bgrior'a  BodlfioatleB  of 
alaotroBagnatio  aquatloBa.  Tha  'aodlfiad  aqomtlmia'  ]proTlda  ut 
wltt  a  gaaaral  tliaaiy  of  •laotroBafaatie  fluotuatioB  pbaBOMBa. 


la  araluatlBg  tha  aroraca  oharga  and  oarraat  daaaitiaa 


aa  haaa  aawadi 


(a)  tha  oharga  alOBoata  to  bo  la  fizad  poaltions, 

(b)  tha  dlatribtttion  daaaitj  of  atoaa  to  bo  a  foaotioa 
of  poaition  only,  and 

(o)  tha  ourroBt  dansity  to  bo  a  alowlj  aaoothlj  Tarylag 
fonotloB  of  tba  tiaai  aagr  rapid  Tarlatioaa  ia  tha 
oarraat  daoaity  harlag  boaa  moothad  out. 
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Wllfa  th«  aid  of  thoM  oaoaqptiona  «•  hot*  obtoiaod  tlw  f<aioolag 
•xirooaioa*  for  tte  oTom^o  ohirgo  ant  ourront  danaitioat 


p  «  -  V*P 

0 

(2.68) 

• 

pT  «  P  ♦  0?  X  M  . 

(2.69) 

(Lb  tho  aboTO  ozproaaioBa  «o  hata  oalttad  tiia 

froB  tho  Iona  and  froo  olaetrona.) 

oontributioaa  ariaiag 

To  obtain  aquation  (l»3)  of  lytor'a  ■enofraph^  wo  uao  tho 

fPllowing  rolationahifa: 

2  Z  **5  ♦♦♦  ♦ 

,  B.h 

,  DaaBsB-fbvP 

(2.70) 

to  obtain  tho  ozproaaiona 

(2.71) 

:.^s. 

(2.72) 

If,  in  addition,  wo  aaauM  that  tbo  oloetrio  fiold  intonaitj  baa  a 
tiao-dopondonoo  of  tho  foona  o^*,  wo  oan  rowrito  oquationa  (2»68) 

and  (2*69)  in  tho  forut 

(2.73) 
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.  (4.7fc) 

fhr  BotetiMi,  itelAh  Is  tiM  ottBtoMtfj  OM,  Alfftrs  trm  ljt«T*s 
la  tb*t  «•  ttM  Mali  l«tt«rs  to  donoto  aleroMepio 
«MBtltlo«  ^dlo  ho  uMo  eopltol  lottora.  1^  donoto  tho 
■nerooeopio  quontitloB  ty  eopltol  lottora  iddlo  l^or 
nooo  eopltol  lottora  with  o  bar  written  oror  then.  Sinoo 
**  howo.uood  tho  latter  H  to  donoto  tho  no^notie  polori* 

Mtion  wo  will  uao  tho  letter  L  in  ploeo  of  Bytow's  I. 

For  tho  tine  boinc  wo  will  woo  our  own  nototion* 

Control^  to  our  osauBptiono,  in  any  body  in 
oquilibrlMi  ot  o  tonporoturo  T  both  tia  position  ond  tho  notion 
of  the  ohorgo  oonotitnento  oa  well  oa  tho  donoity  diatribution 
of  tho  otowo  ora  undergoing  randon  oooiUotiona  duo  to 
agitation.  Without  going  into  any  dotoilod  quontitotiwo  deri- 
ration  lytor  aiouwoo  tiiat  thoao  randon  oaeillationo  of  tho  ohargoa 
and  ourronto  eon  bo  aooountod  for  (or  doaoribod  by)  tho  addition 
of  two  tamo  in  tho  ozprooaiono  for  tho  arorago  ohargo  and  ourront 
donaitioo.  In  partioular,  Sytor  takoo  tho  nioroohargo  and  tho 
nioroourront  donaitioo  to  bat 

(2.75) 

(»,1.7)« 

*  ^  hoTO  boon  intorootod  only  in  noon  linear  toIuoo  •ryi  honoo  tho 
do  not  toko  into  aooount  any  fluotaationo. 

**  ^  wo  naan  oqn.(l.7)  of  Bytor'a  nonograph. 


-  a 


fr  .  t  ♦«Tx  r (h*I)1  (i.76) 

-*  (1,1.0 

•*  •» 

ttftt  iSf  la  addl^OB  t«  tiM  flalds  •  tad  h  Xjtor  latrednMs  a 
rudea  •latirlo  fiald  k  aad  a  raadoa  aadaatle  flald  1|  all  fonr 
flalda  aot  oa  th*  aioroaharfas  aad  tha  aleroeurraata* 

♦  ♦ 

^  oaa  thiwlr  of  tha  f  lalda  k  aad  1  as  ptraduoiad  tbs 
raadaa  or  esolllatlac  aotl<m  ahleh  Is  sti^rlaposad  on  tha  sTarasa 
aotloa  of  tha  oharfss  aad  eurraats* 

iaothar  a^valaat  latarprstatioa  is  also  possibla.  If 
as  oeasidar  tha  azprsssloas  for  the  svara^  ehsrga  aad  ourraat 
dansltgr  aad  aska  use  of  tha  ralatlons 


1,  (^1)  t  ,  f 

(2.78) 

(2.79) 

aiU  obtain  the  following  expressions  for  ths  aTsrsge  oharge  sad 
ourrent  densities: 

p  .-p.J-y  (2.80) 

p^  .  P  ♦  ^»^^^***  k+oVxi+oVx^  I  J  .  (2,81) 


By  snalogy  with  aquations  (2,78)  and  (2.79)  we  define  the  relations: 
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•ai  i.  wit* 


^f  ■  k  , 

(2.82) 

(2.83) 

♦ 

?  *  -  V.(P4>  P^)  , 

(2.84) 

PT  >  (P^pp  ♦  07  X  (■♦l^)  . 

(2.85) 

■•V  P  mA  1  r«pr«««it  th*  AlMtrie  aal  aacMtle  dlpol*  mmmabt  par  unit 

▼6laM(r*>]M*tl**ljr«  P*  o*B  tharafor*  ragarA  aaA  Mf  as  Q>ontaiiaaBa 

^  •» 

laeal  alaatrle  anA  aasiiatle  Alpala  Bflaaiita  par  ualt  toImw.  P^  aaA  1^ 
ara  Ana  to  tha  raiiicB  thamal  aetlen  of  th*  eharga  anA  enrraata* 


Iha  aoAlf  laA  aleroaeople  aquatloiia  no*  taka  tha  fara 
V  X  a  ■  -  Ikh  , 

VxJ.ikaa*  lk(*-  l)k  ♦  7  X  1  ,  (2.86) 

(1,1.8) 

7«*J  -  -  7*  (*-l)k  , 

7.  h  «  0  . 

If  a*  lat  k*  .  h  -  ^  (h+ 1)  »  J  -  1  ,  than  th*  flrat  two 

agoatlona  eaa  ha  wrlttan  In  th*  qraaatrleal  fora: 


(2.87)  . 


f  K  •  «  -lk|i  h*  ■>  ik(|i  >1)1, 

I 

f  K  k*  »  ikc^  4>  ik(c  -1)  k  .  (It1.9) 

It  «•  p«rf era  a  •paea-tlM  avaraf*  oaar  a  *plqraloaUj  inflBltaalaal* 
TalMM  tha  akera  aquatlona  taka  tba  fora: 

^  ^  ^  ^  ^ 

V  K  I  «  -IkfiH*  -  ikUvuMf  •  -lkM(R'  ♦  (2.88) 

j 

^  ♦  ♦  ♦ 

V  K  R*  «  Ikal  lk4v  »  lk(d  *  ^^w  P^)  , 

ahara  aa  hafa  aada  usa  of  aqna*  (2*82)  aad  (2.83)  and  hara  dafiaad 

7  •» 

h*  «  H*. 

lhan  tha  aquatlona  ara  arlttaa  in  thia  term  It  la  natural 
ta  ragard  tha  tanaa  on  tha  riglit  hand  aida  of  tha  aquatlMsa  whiah 
Inral^  aa  diatrlhutad  aooraaa  ahleh  gira  riaa  to  tha  flalda 

1  and  H'«  Tha  fluotuatlona  of  B  and  H*  and  tha  flnetoatlona  of  all 
quantitiaa  dapanding  on  B  and  H*  ara  araluatad  in  tarns  oT  P^  aad 

■f- 

Bquatioa  (2.87),  idian  writtan  in  lytoT's  notation, 

haooM:  ^  ^ 

V  X  B  « -lkMH»-ik(#i-l)M  ,  (2.89) 

y  X  H*  «  iksB  <•>  ik(c-l)K  .  (B»1.9) 


-  V7- 

It  MCMtl*  iMMs  ar*  aaro,  aqpitiMi  (2.89)  raiuoas 
tot 

?  xB  -  -ikul  ,  (2*90) 

f  X  ■  ■  IkaB  4-  ik(a  - 1  )X  .  (1,1  .lO) 

(87  H  aa  anAorotaiiA  hara,  Mdla^ittlo  ta  foUaw,  tha  Toator  ■*,  l»o» 

H*  . 

tha  irdblaa  at  fiadins  tba  olaatroMCttotle  flnotoatiooa 
la  atj  aadiuB  hM  haaa  roAoead  to  aolTlag  a  hooadazy  aaloa  prahlaa* 
la  look  far  aolatloBa  of  oqaatloaa  (2.89)  ar  if  tharo  ara  ae 
ncaatla  laaaaa  la  lha  aadlaa,  far  aolatioaa  of  (2.90),  a«h4««t 

to  tho  kooBiaiy  ooaditioiia  that  tba  tai^antial  oeapoMata  of  B 

«♦ 

and  B  ara  oontlaaoua  at  tho  houndary  of  tha  aadlaa,  l»o» 


a  X  (B|  -If)  ■  0  , 
^ 

a  X  (H,  -  Hf )  ■  0  , 


(2.91) 


Xi  ,  Hi  ara  tho  fiolda  on  ona  aida  of  tho  boandazy 
(roflon  1)  and 

Bf  ,Ha  tha  fiolda  la  tho  othor  rofion  (2). 

a  la  a  oalt  oaator  nozaal  to  tho  boondary 
and  poiatiag  fToa  roglon  1  to  roflon  2« 


lAorot 
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li  ar*  t«  ragurd  tha  fMotitlaa  K  aai  ■  aa  kMm  faattiaM  af 
faaitiaa« 

CaMidar  tha  aalatiaaa  af  agaatiaaa  (2.90).  Va 
alialaata  1  ftraa  tha  firat  agaatiaa  hj  tta  aarl  af  tta. 

first  agaatioa  and  than  aaldag  asa  af  tiw  aaawd  aqMtlaa.  la 
this  aaj  aa  gat  tha  aaator  aava  aqaatiaa 

V  X  f  X  I  -  k^gtl  ■  k*a(a-1)K  , 

grad  dlTl -  k*asl -k*a(s.  1)1  .  (2.92) 

(la  ha?a  asatsHd  a  aad  g  ta  ha  iadapaaiaat  af  paaitiaa,  that  is  aa 
ara  aaosidariag  a  haaMganaaos,  Isatrapla  aadiaa*)  Baaaasa  tha 
agaaUaa  is  liasar  aa  aaa  arlta  tha  sdlatioa  la  tha  feUaaiaf  farat 

ll(r)  •  j  ^  (r,r*)  l^(r*)  dr*  ,  (2.93) 

la  prooaad  in  a  alailar  fashion  to  find 

Hj(r)  ■  J  (r,r*»)  Ii(r**)  dr**,  (2.94) 

(lAara  tha  (r*s  ara  knoan  funetlons;  a  rapaatod  ladaz  iaplias  that 
a  aiHnation  is  to  bo  aarriod  ant). 

In  ganaral  aa  ara  Intarastad  in  tha  naan  aalaas  af 
qxumtities  ahioh  ara  hilinoar  in  tha  oonponanta  of  I  and  H.  Ona  of 


K9 


tiM  Mti  laftMt  bUiaMT  nprasaioM  la  tha  apaaa-tl—  aaarata 
af  tha  PagraMag  aaatar*  l*a«t 

(».») 

Bia  axpraaaian  without  tha  bar  la  tha  tlwa-atairafa  af  tiw  PoyBtlag 
aaatar  ani  tha  bar  otar  tha  tarwa  Inddeataa  that  a  apaea-awaraga 
la  to  ba  parfonad.  azpraaaloa  la  darlwad  la  tha  aacct  aaatioa. 

Banaa  aigr  aoa^paaant  af  (2*95)  will  larolwa  tarwa  af  tte  fara 

(?,?•) 

In  ardor  to  awaluata  thla  axpraaaian  wa  will  aaad  to 
knew  tha  quoatltp  !,(?•)  »  that  la,  tha  apaea  awaraga  of 

tha  prodoata  of  tha  oowpooanta  of  f  at  warloua  polnta*  lha  q^antltgr 
Kg(?« )  Ip(?' ' )  is  oallad  tha  spaoa  oorralation  fonotion  and  will 
ba  daaotad  bj 

*p(^**)  »  .  (2.97) 

la  now  prooaod  to  daxdwa  aquation  (2.95)  oad  alao  to 
outllaa  ljtoT*8  argnaanta  aoneamiiic  tha  a^qpllolt  fuaetlanal 
dapaadaaoa  of  f^(r*,?**). 


m  gpniancAL  fouBusim 


Bm  ftttlMtioa  «t  Um  •iMtrtdjBMdt  •quatlaM  iTlTtd 
1»  tlM  ffwvlMw  M«tlea  will  ImA  to  osprouloM  for  tlio 
ImtantoMooio  oai  loealiood  oloetro-  —gBotio  flolda  in  tiM 
■odliM*  looofor^  M  pointoA  out  oarllor,  tho  lotoaoilgr  mA 
Aonoltj  of  roAlotloB  la  this  phoeoaonOloglool  liMory  aro  AoflaoA 
la  tonw  of  oforaso  Intoaslly  flttotoatloBO  of  Hmso  aloroooople 
floIAo.  Iho  otatlfltleol  foraulatloB  of  this  prohloa  ooa  Bras  ho 
roselToA  lato  too  aoln  suibjoots:  tho  tlao-OTorofo  oaA  tho  spooo- 
oforofo  of  tho  Intonsltj  flnstuotloas. 

3-1.  Tiao^toro^o  Tolao  of  tho  Ponratlaa  Tootor 

Iho  InstantoBOoos  oalno  of  tiio  olootrlo  saA  BSfBOtlo 
flolAs  l(t)  obA  R(t)  aoj  ho  oxprossoA  os  Voorlor  oorlos  o^qpoaslons 
(oonslAorlng  posltloo  fToquoaolos) 


a»0 


♦  ^  ♦  lanl* 

H(t)  •  )  Hn  •  » 

n*0 


(3.1) 


with 


T  Is  o  tlas  Intorrol  grootor  thoa  angr  oorrolotlon  tlao  la  tho 
oalforalj  rsaloa  prooossos  uador  stodj. 
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fte  of  Hm  TMtor  prodaet  B(t)  x  H(t)  iMda 

^2  . 


4^2 

l(t)  X  i(t)’  -  f  ]  »(♦)  »  “(*)  **  » 

-«/2 


•B&  Area  l9u(3«l) 


**  -  )  (*B 
a,a  n«w 

«  [l(t)  X  H*(t)  ♦  l*(t)  X  I(t)  ]  ,  (3.2) 


f(t)  X  l(t) 


*»>■< 


to  fMiliteto  tho  a^vtioo  of  tho  toaio  lootro  aagnatlo  aquatloaa 
(2«89)  it  la  daairtblo  to  oxproaa  tho  inatantaaaoaa  flalda  B(t)  aoA 
H(t)  by  f ourlor  Intograla.  Ihia  oan  bo  dona  if 


lia( 

(3.3) 

and 

li«( 

i.a. 

»a~ 

^  ~  ^  for  largo  n  . 

Than  no  hara 

«(t) 

***  ♦ 

*  j  1(a)  0^  da  , 

H(t) 

.  T  H(.)  te  . 

(3.4) 
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Homtw,  dMtotte  Moditlw  (3.3),  tl»  llait  of  tlw  tiM-«m«o 
iroSnot  f(t)  X  X(t)  m  T  •  la  aoro.  i.a. 

Ub  i(t)  X  f  tB(»)  kB*(»)  ♦!•(«)  xH(a)]te  .  0  . 

i. 

•«» 

SjtoT  gata  arooDl  thia  dlfflool^  daflidiic  a  rodneod 
apaetral  dlatrllnitlon  6(«)  aooh  that 


(*a  **  *^  ■*'  *n  “  »  (3.5) 

Bharo  6(a)  la  floito. 

Zt  fdlleva  that) 

Ua  X  Hit;*’  ■  [  6(a)  da  . 
f*m  J 

mm 

n»  intagral  azpanaloo  glTon  hj  (3J^)  la  than  appliad, 
for  T  largo  but  finltOf  bj  aatuBijig  that 

«ta  av 

1(a)  X  H*(a)  ■  B(a)  x  H*(a)  , 

Md  (3.«) 

Ohara  tha  sign  roproaanta  tba  Taluaa  of  S  and  R  aa  I  boooaMa 
largo  but  flnlto. 

ZlM  tiaa-aTorago  Pojnting  Tootor  oan  thua  bo  nrlttoo, 
aooording  to  Bqn.(3.2),  aa 


r 


Kt)  X  X  H^t)  ♦  l*(t)  X  H(t)J  , 


(3.7) 


f«Ml  ifWgrxl  wqpHwioa  (34-)  i«  umA  m  «  nMfttl 
MlatiMi  f«r  tlM  Mri«a  (3.1)  aai  th*  apMtnl  iattcwitiaf  «r« 
AiflMA  mo«cA1i4  to  BfM.(3.5)  nA  (3.0. 

3-2. 


Bm  a^vtioa  at  Bm  baai*  Alffwwtlal  •quatioBa  (2.89)» 
Mtiitfyiiig  beanAicy  eoBdlti«M  (2*91)  1— Aa  to  a  roproaantatlaD 
at  tha  I  aaA  I  flolAa  la  taiM  at  a  toIom  latofral  lanrolvlac  Ilia 
oarioaa  aoapanaata  of  tha  lataral  f  lalA  X*  Tha  amargj  at  raAlatloa 
la  Aapaalaat  aot  oalj  on  tba  tla»-aTarafo  but  alao  an  tha  apaaa 
aforafa  at  tha  pradnat  at  tha  acMpoBaata  of' I  aad  H  flalda  (PojatlBt 
Toator)  aad  tharafora  will  iaralwa  apaoa-awaraca  of  tha  pradnat  of 
tha  warlona  aoaponaata  of  tha  lataral  flail  X  at  warloua  palata  la 
tha  qirataa.  la  taraa  of  atatlatiaal  thaoriaa  thia  awarafo  of  tha 
pradnat  of  tha  raadoa  flald  X  at  warlona  palata  la  tha  aadlua. 
la  dafiaad  by  tha  apaaa  oozralatioa  fnaetion  fcp(r%?"). 


f^(rSr»*)  -x;(r*)  (r”)  ,  (3.8) 

whara  a,  ^  ■  1.2,3  (tha  thraa  orthogonal  oonponanta  of  X). 

Thla  fbaatlon  ooatalna  tha  "apaaa  oorralatioa  ooafflolant"  plua 
tha  aagaituda  of  tha  thamal  fluotnatlona  at  point  r*  ,  r". 
Conaidaring  an  honoganaoua  aad  iaotroplo  aadlua,  tha  oorralation 


fMwtiMM  f|^(r*,r**)  ffln  »  tmuor  ud  tteir  valws  teptai  m1«3j 
•  I?*  -  ?*  *  I  •  9m  gNMnl  •xfr«Mi«i  tmt  tte  taaMr  iapMilMM* 
if  r  Mdj  is 

♦  f<r)  ,  (3,p) 

sImts  la  9m  mit  tsasw  sal  is  th*  prsjsstiMi  if  r  aloag 
ths  tbrsi  ortliofflCMl  aass  (m,fi  m  1,2,3),  lqB.(3*9)  saa  alao  bs 
arittin  la  9m  fiUoalac  saj 

V')  •  ♦<'>•1*  *  ^ 

ahars 

Za  apploriag  this  oarralatlea  fonotlm  to  tha  problM 
of  tfaoraal  radiatioa  Ijtor  aaksi  tha  two  foUoaiag  assoaptloBat 

♦(r)  -ClCr)  ■  C8(xi)  l(zt)  8(zii)  »  (3*11) 

#(r)  ■  0  . 

•«  -  Cl^  •(J)  .  (3.12) 

9Mroi  C  is  a  oonstaat  and  8(r)  is  ths  Pirao  diXta  funotion. 

This  izprissien  for  tho  oorrolatioa  fuaetion  7^(r)  is 
than  ^stifiod  in  tho  folloaiag  aaj. 


Jm  «  bMMitA  MiiM  tiM  — ■Iftiwi  that  dafmifta  m3j 
m  |r*  -  r* '  I  la  aot  wUA  f«r  poiata  Ijiag  vitbia  ^  earralatiaa 
raiitM  frm  bha  aarfaaa*  Sha  praaant  ttaaay  aaaaMa  ttet  tba 
■lareaaapie  irtwwjaiialtiaa  (ataaa,  aalaaulaa)  t£  Hm  aaiiaa  ara 
aaty  Mall  la  aMpariaM  altt  tha  aaaroaaafla  lalMMtaaaitlaa* 

Slaaa  K  iaalatoa  fialAa  trtm  aagr  aoaraa,  la  partlaalar  fiaUa  tea 
to  am  tbaraal  aotlaa  ot  Hm  aiaro-oharfaa  (aevreaa  of  tiMcaal 
radlatiaa)  it  la  raaaombla  to  aaaoaa  that  tha  oorrolatifla  raAlaa 
la  «f  ^  crdar  of  aagaitaia  of  tiM  aieraabargaa.  Zt  la  aoaa 
fandaaihlo  ta  atelt  a  aaro  aovralattoa  radlaa  [#(r)  ■  C<(^]  haaaaaa 
tha  «avalai[^tha  of  tha  aaittat  radiatlM  aaA  tha  ilaaaaloaa  of 
tha  badiaa  ara  Torjr  larga  ooiparaA  with  lha  aorralatioa  radlaa* 

Ttadar  thla  eoadltlon,  tha  dapaadaaaa  on  )r*»r**|  of  la  ralld 
oqp  to  tha  aorfaaa  of  tha  hoialad  aadlM* 

fha  ohdaa  of  tha  foaatiooa  ^r)  aad  #(r)  glTaa  la 
lqB*(3*1l)  doao  aot  iarolTO  alnfolarltloa  whan  aoloiac  tha  prohloa 
of  raliatloB  lato  a  transparoat  aadioB*  Za  faat  it  laada  to  tha 
ooqpaotad  ramlts  la  tha  llaitlac  oaaaa  for  whiah  aOlatlOBa  bara 
haaa  ohtaiaod  fToa  otfaar  thaorlaa  (Clonaius*  Ifjrqolat)*  Boootar* 
obaa  otodjlac  a  hodj  radlatlag  lato  aa  abaoctlag  aodiaa  tba  two  of 
tba  oonditioaa  (3*11)  laada  to  a  dlTorfoaea  of  tha  oa^raoolooa  for 
tha  lntooalt7  (l«t)  aad  tba  alaotrioal  (Bm)  aad  aacaotlo  (D^) 
daaaitloa  of  oaorcjr  at  ragioDo  aaar  tha  boaadarioa*  Zt  la  fouad 
that  tha  axpraailoaa  for  Z^^  aad  ara  iadapaadaot  of  #(r)  aad 
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tte«faE«  tlw  #(r)  ■  0  Mj  to  Jwtlf l«d  for  ItoM  qvontlilos* 

tto  osproMlM  for  ioponio  m  #(r)*  to  mIbo 
oowriMit  it  io  aoooooory  to  oooaw  #(r)  ■  ^  ,  tot  Udo  otiU 
lootfoo  ^  oat  iioorgOBt* 

dlffloiilij  Mqr  to  roaofo*  If  tto  eorrolotioa  rodioo 
is  ssoomA  difforoat  ftoa  aoro,  that  is  >j  writisg 


♦(r)  ■  C  * 


(«•) 


txifc 


(3.13) 


ohoro  s  is  tto  offootirs  eorrolstion  rsdins. 

Xt  is  tten  foond!  that  tto  eeniitios  #(r)  •  0  aoj  to  sppliod  sad 
that  all  throo  qoaatitiss  1#  » IW  toooas  eoBforfout.  la 

this  too  ohoieo  of  d(r)  «  0  is  Justifisd  for  both  troasporoat 
and  obsoitiac  nsdia.  Tto  soro-oorrolation  radius  asgr  to  appliod 
for  troasparwit  aodion  sad  a  fiaito  eorrslatioa  radius  of  ttis  fom 
(3*13)  is  nsoossozy  for  radiatioa  ia  aa  tbsocbiag  nsdiuts. 

Slnoo  Ijtov's^  ^  ^  argunsats  eoaeoraiaf  tto  eorrslatioa 
fnaotion  •**  soasidiat  hsuristie  la  aaturo  as  tosU  out- 

lias  and  Ufsohits*  troataoai^ldiloh  is  non  gonoral  sad  aoro 

aatbsaatlealljr  satisfjriaf •  Ihoj  base  their  troataeat  ea  a  aethed 
dOToloped  bj  Gallon  and  Vsltoa^  Tbs  fluetuatiens  of  phjsieal 
quaatitios  bolonciac  te  a  phgrsioal  sjstea  aetod  upon  bj 
oztomsl  distuiboaee  are  related  to  tto  dissipatiTS  properties  of 
tto  sjstea* 


C«MiiHr  a  in  •faiikrlvB  md  lat 

sKt)  ¥•  aqr  tlM  AtfralMKi  ifejtiMl  fwortltj  teMriklac  atatt 
«r  tte  igrataBt  aM  aaaaM  that  s  ia  aaiartolag  flMtaatiaaa  ahavt 
ita  Man  aalaa  It  (far  aiapUaltj  lat  z  ■  0). 

Far  a  atationaiy  atata  tha  earralatlea  f^aatiaa  xQtWt*; 
■agr  ha  wittaa  la  tha  fara 

z(iMi')  ■  ♦(t*  - 1)  .  (3.1V) 

fha  har  ialiaataa  aa  afaraglac  arar  tha  prahabUltiaa  af  all 
Talaaa  ahiah  qoaatitj  s(t)  eaa  taka  at  tha  glTta  tiaaa  t  aai 
t* }  aaah  atatlatlaal  araracliMt  la  aq^TUaat  to  a  tiaa  ataraca 
Otar  tha  aalnaa  af  tha  tiaa  t  f ar  a  giaaa  aalaa  of  tho  tiaa  iataraal 
t*  ->  t.  It  la  ooevaalaat  to  aoric  with  tha  Faarlar  tranafara  af 
#(t*-t).  If  wa  lot 

*(t)  •  j  Tft  a***^  dt  f  (3.15) 

.i,  .  ^  it  ,  (3.1«) 


aa  ahtain  tha  ralatlan 

*m  .w 

f(t»  - 1)  ■  J  j  • 


,l(rt«w»t*) 


dodo* 


f€r  tba  rl^t  hnH  site  to  •  fOMtloa  of  (t*  - 1)  ■  r  oaljf 
7t^  ■MSt  to  of  tlM  fora 


^  ■  (j^),  l(ll♦af*)  •  (3*17) 

iteo  •(mo#*)  is  tto  Mno  tolto  ftootioa. 

Xf  m  otoitltttto  ofMtioB  (3*17)  lato  tto  oaqraooloa  for  #(t*- 1) 

m  oktaia  too  rooolt 

I 

♦(f  - 1)  .  ♦(t)  .  I  *•  .  ( J.18) 

mm 

4(0)  io  Jost  tto  BOOB  oqooro  of  tho  fluotuotiat  qoontllgr  itoolf, 
for  «o  hoTO 

^  •  J  (x*)^  to  (3.19) 

mm 

Sm  "opootrol  tonoitf*  of  tto  aiaii  oquoro  flootaattou  lo  joot  tto 
qooatl^  (x*)^.  ItoB  oqaottoB  (3»18)  «•  flat 

(x*).  ■  S I  »  (3.20) 

mm 

that  iSy  (x*)|i  io  alflo  tho  Vovrior  tranafoni  of  tto  oorrolatioa 
fawtiea* 


If  «o  havo  aoToral  flaotuatiaf  qaaatitioa  Z|  ,  Zg  •••  z^ 
tosoriblng  tto  stato  of  tho  qr*toaf  itfiioh  aiaultaaooaalj  fltiotaato 
about  ttolr  oquillbriua  Taluos  no  dofiao  tto  oorrolation  fnaetiona 

♦ik  ^ 


4ik(t-t*)  ■  zjj(t;  xiCt»;  , 


(3.21) 
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«ids  bMOMS 

^(r)  ■  a^(t)  .  (3.22) 

9m  Mrr«l*tloB  tmaaitimm  mtiatf  tiM  rtlatlona 

■  ^(-^)  .  <3-23) 

Ib  plM«  «t  B^tloa  (3.20)  «•  B0V  Ium* 

•«» 

Xf  «•  vlah  oar  rooulto  to  bo  oolii  for  qyantua  —  whonloal 
foontitioo  «o  anot  roplooo  tho  oXoooiool  qaontitj  x  bj  Ita  quontuB 
■oOhoidoal  oporotor  ^(t).  Za  tttio  eaao  «o  BMOt  qraaotrlM  tto 
oorrOlotloa  fMMtioa  oad  orlto 

♦(f-t)  .^  (  i(t)  fc(f)  ♦  S(t»)  kM  )  .  (3.25) 


This  io  aooooaoxy  aiao#,  in  gonorolt  tiio  oporatoro  &(t)  oad  x(t') 
do  not  oaanto  for  difforont  Inotoato  of  tint.  Zbo  bar  Indioatos 
an  arorafind  bj  aoana  of  tho  Oibb'o  distributioD  funotion*  Iho 
rolation  oorroapondlod  to  that  glTtn  by  oqimtion  (3.17)  io 

■  “j  (^  ♦  x^f  ^)  ■  (**)|,  l(o4  0*)  ,  (3.26) 

) 

To  oaloulato  the  naan  aqxiaro  toIuo  of  tho  fluotoatiag 
quantity  x  wo  ooaaldor  a  ayaton  whloh  ia  in  aoaa  dafinito  stationary 


a 


0 

(1 

u 

0 

0 
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sigr  ii»  n*tii  stat*.  »•  av«n«a  eoourriaf 

la  tte  aqMtioa  ^ 

M  tta  MST«ap<aiias  Olfwl  aatrla  •iMtat 

^  ♦  1^1  ^  Y}  ^ 

m 

ftera  •OBMtloa  McttoAs  avar  tba  antlra  spaotnai  of  Morgj 

IttOla*  looanM  tho  oporat«r  x(t)  !•  tlao  dopondoat  oo  not 
ttM  tlM  tlM-dopond«at  men  tumtian  to  ooleoloto  its  ootriz 

olsasBta*  Bsaso 

(ai^)i^  ■  i  I  **  o^*  o*^  4*  ■  *(•*■  ♦  •)  .  (5.28) 

is  ths  tiBS-iaispondsiit  astrla  oloasat  of  Xt»  opsrotor 
S,  ozprossod  M  s  fteMtioo  of  ths  ooordiiistss  of  tho  portielos  of 
ths  qrstso,  sad  •  Usiag  ths  foot  that  z  is  s  rool 

qusatiigr  sad  thssoforo  ths  aotriz  olsasats  satisfy  ths  rslatisn 
»•  that 

^  ♦  i,,  i,)  *(•♦•’)  »•»> 

a 

On  ooaparinc  this  aquation  with  aquation  (3*26)  ws  obtain  tho  rosult 

(z*)^  ^  *(•!■♦*»)  ♦  •(Sn^.*')  3  • 


(3.30) 


0 
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CMMliir  a  p»ri«ilt  pwtitWtion  T  witli  « 

Mtlag  «  Urn  qrttMU  X«t  tte  portutetloa  op«r«t«r  rtpra- 
•Mis  ik»  MtlM  «f  «a  «rt«rMl  1«nn<ii—  oa  tte  sjstMi  hsM 

f  .  -*4  .  .*(f,  .♦*^)S  .  (3.J1) 

i  is  tks  f^toB  MshmlMl  •psrstM  •anfipondlf  to  tho  pkgroloal 
4MBtilQr  X  •bA  f  is  •  psrtDziii^  *fores*  fivsa  ss  s  fosstleB  of 
ths  tias*  QMor  ths  IsflooBM  of  this  portoxtstioa  tho  «[fstw 
will  Boko  trsBoitioas  assj  from  tho  ststo  a*  Iroa  quoatua  Boohonios, 
BO  h«fs  that  tho  preibAbllitj  of  a  transitloa  fXoa  a  atato  a  to 
a  stats  a  por  salt  tias  Am  to  Iho  absorptlMi  (or  oalaaioB)  of  a 
qaaBtna  of  oaorcjr  is 

l>^l*  t*^*^*^)  ♦  •  (3*52) 


i3M 


!M«r  tlM  litflvMM*  «f  tiM  *ferM"  f  tte  MrfTg— i 

a  olMwga  cf  atata  «lth  aa  aeocapaagriiic  akaorptiaB  of  OMru*  Tha 
rtaartaA  laiiu  la  AiaaipataA  iato  haat  vithia  tha  bolj.  Itaiar  lha 
aaUaa  of  a  yartohatlaa  T  ■  tha  qaaotoa  aaabaaiaal  aaarafa 

X  ioaa  aat  aaaiah  aal  aaa  ha  aapcaaaata*  la  lha  fon  af.  a  la  a 
llaaar  latagral  aporatar  ihoaa  affaat  aa  a  ftaatiaa  f(t)  la  flaaa 
hgr  aa  afoatloa  of  tha  fan 

«• 

x(t)  ■  j  I(t)  f(t-  r)  At  ,  (3*35) 

0 

#iara  K  la  a  fhaotioa  of  tiaa  ahioh  Aapaada  oa  tha  proparUao  of 
tiM  aaAiaa*  Shi  tiaa-dapaBAiat  partohatioa  oaa  ha  aapraaMd  hj 
aaaaa  of  a  f onrlar  traaafofaatioa,  aa  a  aat  of  aeaaabroaatla 
aoapaaaata»  tiioia  tiaa  AapaaAaaoa  la  of  tha  fora  a  •  If  aa  wita 
f (t  -  r)  "fa  aa  dbtalii  tha  ralation 

X  ■  a(a) f ,  (3*36) 

ahara  tha  fimotloo  c(a)  la  giTan  hgr 

o(a)  ■  J  K(r)  a^  dr  ,  (3*37) 

0 

If  aa  know  a(«)  aa  a  fttaotion  af  a  aa  will  olao  knoa  tha  haharlour 
of  tha  gjratoa  undar  tha  partuzhatlon  T*  a(a)  la  oallad  tha  ganaral 
auaoaptihlUty  and  pUja  an  lJ^>ortaBt  rola  in  tiia  thaory  alnoa  it 
oan  ha  uaad  to  Mjroaa  tha  flnatoationa  in  tha  pfayaioal  quantity  x. 


Xb  fMMndt  «(•)  !•  •  oflBplt*  fwiBtloo  mA  b**  ^  pp®P«rty 

«(^)  •  «•(•)  .  (3.38) 

fli0  rMl  bbI  laiclatfy  p*rt«  rf  «(•)  ^  «*  «iA  «** 

Uotmt  €f  •fMtlaa  (3.3«)  thiy  latiafy  tto  fUlMlaf 

c«(hi) -«'(«)  •  «•*(-#)■-«**(!•).  (3.39) 

If  tte  fteotlM  H(p.q.t)  i*  th»  ■-lltB.lw  of  tte  ijstw, 
tte  tkinMljiMaio  nmrgj  ct  th*  ^pstM  o«b  b«  frltt«i  m 

■  ■  !(9»q»t)*  ^  8  ■  M  ^  ^ 

tlM  tepMi&MM  iM  tiM  MouTS  Is  th*  ptrtoitetloa  tm 

lMk*W 

.  (J-M) 


To  find  tho  OToroft  wrgj  dloaipotioa  por  soeond  Q,  *•  orito  f 


in  tte  f 


(3^1) 


•ad  HM  tte  oquotlon  x  •  «(•)  f  to  tetola  tte  ro»olt 


; .  I  r.(.)  f.  ♦  .(H.)  rf  .***]  •  (3.W) 


with  tte  aid  of  oq.(3«4l)  ond  (3A2),  wo  aaa  writo 


H  .  .Sr .  -  tt  •***^  ♦  - 

-  ♦.(.,)  rf*  - 

A^wagUg  99mt  mm  rmimt  mt  tlw  •xtonud  AlstwtaM*  tte  tmu 
oiKtelidac  mmUk  moA  m  $aem  2mtt  with  thw  rwawlt 

^  *ir  ■§  •'*'^•1*  •  (3*43) 

that  la,  tfaa  iM^inaxy  part  of  tha  faoaral  aoaaaptlbmty  foaetiaa 
a(«)  Aataraiaaa  tha  aaarcr  loot  to  tha  qrataa  bj  abaorptlM.  Siaea 
ttara  ia  alwagra  aaaa  aaargy  ahaarptian  la  acgr  raal  praeaaa,  wa 
hara  that  Q  >  0,  aai  wa  ahtala  tha  raaalt  that  a**  ia  alw^ 
praatar  thaa  aara  aaA  paaitiwa  for  poaitiwa  fragnaaelaa.  By 
eoapariac  ttim  two  «qraaaioiia  far  Q  i.a.  B9«(3.34)  aaA  lqa,(3*43) 
ww  ahtala  tha  raault 

•(•♦•W)]  •  (3-44) 

a 

tha  two  qoanUtlaa  (x*)^  aaA  a**(a)  ara  raUtaA  taaaeh 
othar*  to  flaA  thia  ralatioa  wo  oaa  tha  raaolt  that  tha  aaaa  waloa 
of  aay  phyaieal  qoaatity  ralataA  to  a  fiTwa  qrataa  oaa  ba 
aaleulataA  with  tha  aiA  of  tha  Aibb'a  AiatributiaB  fhaetiaa  fTaa 
tha  f araula 

a  a 


r 


(3^5) 


& 


^  margf  l&imlB  tt 
r  la  ^  Atm  mtrgj  tt  tto  tgr$im» 

Xm  this  wgr  «•  fiaA  ^  atfanif*  of  (x*)^  to  feo 


(*“)^  ♦  •(•♦•bi)];  (3.46) 


•  ■ 


latorehnsli^  n  oad  ■  la  tho  ooeooA  tom  oo  fot 


u  m 


toad  ttolag  tbo  proporly  of  tho  dolto  fonetloB  no  Obtain  tho  rooolt 

.  J  (1  ♦ .  ■**'^)  i*-i*  »(•♦•*■>•( J«tf) 


n  ■ 


In  a  olnllar  waj  no  find  Iho  aTorafo  of  f  (o)  to  bo 


«"(•)  -I  (1  -  (3AJ) 

n  ■ 

igr  oonparlac  tfaoso  two  ojqprosaloBO  no  obtain  tho  i^oartant  rosnlt 


(3.50) 
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•ad  fiaiUj 


(3.51) 


Zf  «•  rcfHPd  th*  •poatuMons  fluotuatioM  la  th«  piqrsiMl 
qoutitj  X  M  4m  to  tho  oetloa  of  fletltioaa  "roaioa  foroos"  t, 
m  eoB  oktaia  oa  oiproMloa  for  tho  cpoetrol  doaoitj  of  tho  aooa 
•qaaro  of  tho  raaioa  foroos*  la  ordar  to  aoeoapliah  «o 
troat  X  aa  a  olaaaloal  qaaati^  aad  tha  aqB.(3.36)»  iriiaa  orittaa 
la  taraa  of  fooriar  ooapoaaato,  boeoaas: 


-  «(•»)  f»  .  (3.52) 

lqa.(3.52)  allewa  ua  to  arlta  tho  aaaa  oquara  fluotuatlMio  of 
la  tho  fora 

^  3^'  ■  «(•»)  «(•»')  •  (**)|,  «(04  0*)  ■  |«|*(f*)j^  «(o  +  o»)  . 

(3.53) 

Finally  nalas  oqtiatl<m  (3.50)  wa  haTO  tha  raaolt 


If  aa  ora  Intaraotad  In  soTaral  alaultaaaoaalj  fluotuatlnf 
quantltlao  Z|  ,  Z| ,  xs  •••  tho  pravloua  raaulta  can  bo  laaodlataly 
ganaraliiad. 

Lot  Z|^  and  bo  any  two  of  tho  oat  of  zi  ,  Zt  ,  Zq. 

Tha  quantoB-Mohonloal  awarago  of  tho  oymotrlaod  oporator  prodnot 
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it  itflMd  «lM  tfmtlm 

i  *  (3^  3i^)|f  *(«-^«').  (3*55) 

lljr  frttttiitt  tt  in  tte  itrltttieD  if  •qB.(3*30)  «•  git  tlitt 


(3.56) 

Ilii  tKiinMl  pirta^tlM  optrttor  It  aiiuti  to  btit  thi  fort: 

(J.57) 

t  t 

Hm  tntrgjr  iktoriMd  hj  tbt  bodj  It  giitn  %j 


W«I  (*b)»  »(•♦•»!■)  - 


•  b  ■ 


-  (*J-  (*b)„  »(•♦•«)] 


(3.58) 


Iquatlon  (3.42)  it  gontrallsod  to 


(3.59) 


V'b  . 

b 


(3.60) 
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nw  nt*  cf  elMBf*  «r  mmrtj  is  ^ 


(3.^1) 


•ni  tiM  saKi7  aissipstsd  Is  gisM  ^ 


Q  ■  • 


s  b 


Csapsrlag  squstioii  (3*82)  sai  (3*38)  vs  find 


(3.62) 


«Jb  “  %s  ■  -  Y}  «(••♦•*)  - 

a 

-  (*s)a, 

Xhs  fSBsrslisstisa  of  squstloa  (3.30)  is 


(3.63) 


<*•  ■  S  ^Ss  -  «sb) 


2kT 


(3.61^) 


If  ss  srits 


^*sb 


tmM  • 


r 


(3.65) 


b 

•ad  siAstituts  •qa.(3.6l^)  tfas  feUowinc  sqastioa 


(f»  fb)^  *  ‘ 


•  d 


(3.6<) 
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m  4btala  foUovlac  fM»nQ.lMd  •zprvsBioB  of  •4n«(9*3li>)t 

^  ‘  sl*  ^ 

9mm  rtMO-it  MB  appUat  t«  tlM  praUMi  «f  alMtr*- 
M^Mtia  flaatnatioBa*  la  eutllM  tha  aathod  oaad  tj  Laniaw  aad 
LlfAlta^^^. 

9^  AMXlaaUac  U  naatrcMiaatle  flaatMtiMa 

9m  alMtria  and  MCMtia  induotien  flalda  ara  aaavMd 

ta  ba  tha  tent 

Dt  .  Ik  ♦  ii  .  (3.a) 

Bi  .  ^  ♦  ii  , 

ahara  tha  additienal  tanu  aad  raporaMat  tha  apeataaaooa 
laaal  alaatrla  aad  aasaatla  aasaata  par  oait  t61«m  iriiioh  arlM  aa 
a  raault  of  tha  fluotaationa  in  tha  poaitioa  aad  Bation  et  tha 
oharfas  in  a  body,  laacaall'a  aquatioaa  aa  wall  aa  tha  abora 
aqpraaslOTia  for  D  aad  B  ara  azpraaaad  in  tama  of  thair  fouriar 
OQBpoaanta.  9m7  taka  ^a  following  fom: 

®l4,  "  •ik^*)  *ka  ♦ 

®la  "  ^ik^*)  *  ®ia  ♦ 

(V  X  ^  [Pik  H|»  *1.1^  )  ,  (3.70) 

(V  X  ^  I*lk  *!»■*■  *ia  1  ' 


(3.71) 
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In  ord«r  to  ostabliah  roUtiooa  botooon  tlM  oloetroMsnotio 
quantltlos  appoarins  boro  and  tha  quaatitlas  3^  •  it  la  aasoMd  ^ 
that  K  and  L  ara  not  apootanaooaljr  ariaing  aoMata  Vat  tha  raault 
of  an  aztarnal  nation  idiieh  plaeaa  oartaln  aztranaoua  alaetrlo 
obargaa  and  ourranta  In  tha  bodj.  Dalng  tha  aquation  of  oonaar- 
Tation  of  anargj,  aa  It  foUova  from.  Maxaall'a  aquatleoa,  tha 
raaultlng  ehanga  In  tha  anargjr  of  Hia  bodj  la  ealoulatad,  i.a. 

(3.72) 

Suhatltutlng  aqn.(3.68)  into  thla  ralatlon  giaaa 

/  i  *1 *  “1  ife  (»11C  ^ 

Tha  ohanga  in  aoarfir  dua  to  tha  "artamal  aotion”  Miounta  to 

In  <n:*dar  to  reduoa  tha  oontlnuooa  aariaa  of  fluotuating  quantitioa 
appaarlng  here  (the  Taluaa  of  the  fialda  at  ereiy  point  in  tha 
body)  to  a  dieorata  aariaa  of  quantitioa  tha  Tolwa  of  tha  body 
ia  diTidad  into  aaall  but  finita  Toluaa  aleaanta  dV  and  tha  aaan 
Taluaa  of  the  fielda  in  each  toIum  aleaent  are  z^garded  aa  a 
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Mt  of  fliwtuoting  qoontltloo*  This  Is  oquiTslsnt  to 
rsplselBC  ths  Intscrsl  ooourriag  in  oqastloo  (3*73)  >7  tbs  snat 

iters  Ihs  soaastioB  runs  orsr  sU  solsas  slsMnts  AT^* 

Ths  foUeslag  oorrsspooAsnos  Is  than  ssdst 

.  ;g  (J.75) 

♦  ♦ 
fa-  *  ,  1  . 

Ths  oo^rassioas  (3*^) 


b 


ahioh  giaa  tha  ralstion  batwaan  sad  oorraspood  to  MazaoU's 
aqostiras  (3*70)  ,  (3*71  )•  Thasa  lasd  to  tha  foUowinf  ralstions: 

Kja  -  -  'ik  »ki#  + 

^a)l  • 

To  find  tha  ooaffioiants  s^  aa  ooiqiara  aquations  (3*76)  «ith 

aquations  (3*65)  sxid  usa  aquation  (3*73)  •  Tha  suffizas  a  and  b 

♦  ♦ 

anuaarata  both  tha  ooBq)onants  of  B,  H  and  tha  toIubs  alaaants  AT* 
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Bm  eurl  optrators  la  aquatioii*  (3*76)  art  to  bo  eonolAorod  os 
dlfforonoo  op«rot<rs* 

Bquotiooa  (3*70  aro  Tolid  for  a  glTon  Toluoa  alsoant* 

•1  ^ 

Iha  oeaffloiants  a.,  ahloh  rolota  ^  Tolnas  X  to  thosa  of  R 

•» 

oa  sail  aa  tha  ooaffiolaiits  ralatiag  tha  valuas  of  L  to  thosa  of 
I  aatlafy  iha  ralatioa  a^  ■  (*ba^*.  ^  aquation 


aa  hara 

(*1(1)  \(2))^  •  «  • 

ahara  tha  aufflxas  (l)  and  (2)  sifoify  tiuit  tha  quaatltiaa  ara  to 
bo  aaaluatad  in  tha  Tolnna  olonants  idiioh  hoTO  thair  oantras  at 
ri  and  >  raspaotitaly.  This  rasult  is  Tslid  both  for  rt  *  rg 
and  for  ri  /  r  a  • 


Iron  tha  first  aquation  {%77)  it  is  olaar  tiiat  tiia 

,  ^ 

oooffioionts  whioh  ralato  and  aro  -  ^  if  Km 

and  ref  or  to  the  saaa  Toluna  aleaent  and  soro  othorwiso. 

Theroforo  by  aquation  (3*67) 


va  hara 


(^^iCl)  *k(2))^  -  0  ,  If  , 


(*i  V.  •  “<<1  -  *»>  if 


If  m  atm  pass  to  ttm  liait  AT  0,  im  oaa  oo^piroM 
thoM  rolotloiia  into  ono  oqootlM. 

(*i(l)  *k(2))  *  “  *lk)  »  (3*78) 

lAiori  r«  aai  ra  rofor  to  oigr  too  points  In  Iho  bodj* 

If  tho  boAjr  lo  not  In  on  oztornsl  nacnotlo  fiold  no  hsTO 
*ik  *  *ki  oqnotion  (3*78)  oon  bo  orlttw  so  foUovs: 

(*i(l)  *k(2)X  *  '  ^5*75) 

In  «  sinllsr  foshlon  «o  eon  dorlTO  the  rolotleot 
(^1(1 )  ^(2))^  •  •  (3.80) 

The  prosonoo  of  the  Aolto  fbnotlon  indiootos  that  tbs  fluotootions 
oro  oosTOlatod  only  in  the  Unit  lAon  the  two  points  oolnelds 
(ra*»ri)»  This  is  to  bo  tokon  in  tiio  noorosooplo  sonso  ond  noons 
that  tbo  oorrolatl<m  aztonds  only  orar  regions  idiioh  hsTO  boon 
oallad  *plQrsloally  Inflnltaslnal*  toIubs  alansnts* 

For  frequanelos  in  Iks  guasi-statio  region  the  tonsor 
oan  bo  axprassad  in  toms  of  a  ocmstant  (frequangyindapandont) 
oonduotlTlty  tensor  i»a»  by 


(J.8*) 


Drfi>..oa*.iii<«.ttgr  ih.  l> 

it*  VoorlMr  ooapoMnta  this  ralation  baao— 


Iten  m  Ma  inrlta  aqiuatloB  (3*71 )  la  tha  for* 


(5.83) 


For  quasi-atatle  fk«qiiaaoiaa  aad  far  aot  too  loa  toaparatoraa  wa 
hoTO  kT  » 'fia  aad  oath  ^  a  •  la  ooa  thaa  mlta 
ralatloe 

(*i(l)  ^(2)\  •  ooth  (3.8J^) 


la  tha  fblloalBg  tom 

(^1(1)  4(2))^  ■? 'ik  »(?•-?»)  •  (3.85) 

3«5  Otkar  Ixaaplaa  of  FlaotaatloB  Ftmnmmai^ 

Wo  aoa  ooasidar  a  ouid>or  of  azaqplaa  of  fluotuatlm 

phaaoBona  aiioaa  thooratioal  aaaljaoa  oaa  ba  foraulatod  la  a  mj 

afaioh  la  baaloally  aiailar  to  that  laT^Tod  la  Bytor*  a  gmaral 

thoory  of  olootr(»agnotio  fluotuatlona.  In  aaoh  oaaa  tha 

thaorotioal  analysia  alll  ba  aiapla  aad  inT<Aaa  no  ooBplloated 

oaloulationa;  howoTor  tha  problaaa  will  inrolTa  a  diffarantlal 
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a  flgetmtlng  t«n  aaA  a  oorralatloa  fOMtioa*  Ite 
Alaaataioa  «f  tiwaa  piroblMM  frofidas  an  intrednotloB  to  tta  ala- 
■aataiy  traataant  of  fluataation  plmaoMaa  and  ahoald  bo  af 
aaalataaaa  la  f dUaolBC  tba  ralativalj  aoro  oaaploac  traatMat  ot 
alaotroaacBatla  fluataatioaa  aa  dovalopad  bj  IjtoT. 

Aa  aor  flrat  OTaajla  of  flaotaatioa  tteoiy  aa  oonaldar 
tba  parpatnal  Irragolar  aetlon  of  aaaU  partloloa  (daat  portieloa, 
oolloidal  partloloa  of  radii  KT*  to  ICT*  ea)  aoapaaiad  la  a 
liquid. 


Itaa  Botloaa  of  thaao  partielaa  la  duo  to  tba  titoraal 
agitation  of  llio  aurrounding  aadina.  fho  tharaal  agltatloo  of  tlia 
aarrouadlag  aadloa  roaalta  la  an  unaqual  boabardaont  of  tba 
auapondad  partloloa  on  Tarloua  aldaa  bj  tho  aolooulo  of  tha  aadlw. 
Sinoa  thora  aaj  ba  aa  aangr  aa  10**  oollialona  par  aooond  aa 
oannot  raallj  qpaak  of  aoparato  oollialona. 

Wo  bogln  alth  Laagayln'a  aquation  of  notion  for  tha 
aiapondad  partloloa  and  oonaldar  only  oao-dinanalonal  notion  for 
ainplloltjr.  Langovln'a  aquation  la 

nT  «  -  I  ♦  F(t)  or  ▼  »  -  p7  ♦  A(t)  ,  (3.86) 


nhora:  n  snaao  of  a  auapondad  polo 

■  X  -  Tolool'ty  of  tho  oantar  of  naaa  of  tba  polo 

■  d  * 


V 


-7€- 

Skis  •goatioB  mmms  om  emn  Mparat*  th«  laflvMiiM  of  tho 
marmaiiMi  mAIob  on  tiio  notion  of  th*  portiolo  into  too  portat 

(1)  A  flnatnatlnf  part  A(t)  in  liiieli  tha  Aiaaontlnnitif 
of  ovonta  taking  plaoo  ia  aaaantial,  and 

(2)  A  qratanatio  part  -  ^  In  iriiiah  Iko  diaaontinadtj  of 
aoanta  la  Ignorai.  Baeauaa  tha  auapandad  partiolaa 
ara  nnoh  largor  than  tha  nolaoolaa,  tha  aurrauading 
nadim  ia  ragardad  aa  oontixmoua  and  a  fMotional 
forea  proportional  to  tha  Tolcoitgr  of  tha  auapandad 
partiola  ia  aaaunad  to  ba  Talld*  Ihia  ia  la  aeoord 
olth  Staka*a  Ian* 

Xha  fhaotlon  A(t)  ia  aiadlar  in  natura  to  tha  funotlona  K  and  M 
appaarlng  la  Igrtor'a  Ihaocy,  hoooTor  it  ia  only  a  funotion  of  tha 
tina  t  idilla  K  ani  V  ara  funotlona  of  poaition  and  tlaa* 

A  fomal  aolutlon  of  lha  atoohaatlo  diffarantlal  aquation 
(3*86)  oan  Innadlataly  bo  orlttan  down*  It  ia 

t 

T(t)  -  V*  a*^*  +  a*^^  Ja(0  a^^  dC  •  (3.8?) 

0 

Iho  quantity  of  intaroat  ia  tha  naan  aqxiara  dlaplaoanont  ?• 
Squaring  aquatltm  (3*87)  oa  gat 

▼•(t)-?;  dgar+ZT* 

aa  a 


AS 


Vt  ttfinif*  an  •bmAI*  at  partlolas  iridoh  «•  iadlMta  • 
iMTlMnUl  ¥«r  Mil  tlwa  uslaf  tte  fMt  that  ■  0  (this  is  an 


aMaapti«0  m  oibtaia  tha  raanltt 


t  t 

m  - 1;  •-^*  *  •-**  1 1  mrm  «  «• .  (j^) 

a  a 


Va  aaaoM  ihkt  A(t)  Aapaoda  on3j  oa  tha  tlaa  Intarral 

aai  vita  4(t*  - 1)  ■  Alt)  Biat  la,  tlia  oorralatlon  bataaan 

tha  Talaaa  af  A(t)  at  dlffarant  tiaaa  t  and  t*  iapanda  onHj  an 
tha  intarval  of  tiaa  alapaad.  la  aaauaa  ftrthar  that  ^t*  - 1)  haa 
a  aharp  aarfawa  at  t*  ■  t,  i«a»,  it  la  larfa  enlj  far  aaall  tlaa 
Intarfala*  Zf  aa  oeaaldar  tha  aeoeapaugrlag  dlafraa  than  4(t'  - 1) 
la  oolj  larta  aloas  a  aarraar  ragloa  aloog  tha  dlafocal  aad  la 


aaaaotlallj  tare  aaaiyahwfa  alaa* 
Introdooa  tha  aaw  Tarlablaa 

C*-C-a  , 


To  affaot  aa  Intagratloa  aa 


0  rt" 

♦  C  -  a  ,  (3.89) 


with  dC  dC*  -  . 

la  oxtaad  tha  raglon  of  latagratloa  orar  a  froa  .»  to  ^  alnoa 
#(a)  la  a  rapidly  daoraMla^  fuaotloa  of  a. 


1 

2 


(3.90) 

)  ^  Wa“2Pt 


0 


I] 

(1 

I  . 
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Hm  frlMifl*  ef  •qalpartitlon  of  wmrgj  gifts  vt  ttt  rtatlt  thst 
for  t  ♦  •  ,  ^  • 

A  I  .  (3.91) 

mm 

It  Ota  iBMdititlj  find  tilt  oorrtlttiaB  fttttlMi  for  tht  ftleoitj 
T(t)  ftrooi  tquttioB  (2)  tgr  MltipSjlnf  It  tgr  ▼#  and  oftrtgliiig  oftr 
•a  tataodilt  of  ptrtioltt.  It  okttla 

tpejt:  .  If 

liiioh  at  Ota  arltt  m 

fwfm  ■  ,  (J.9*) 

t 

To  flad  ?  ft  aritt  x  »  f  V(C)  iC  tad  htnot 

*0 

t  t 

X*  «  J  J  T(0  Hv)  «  dc»  ,  (3.93) 

0  0 

Ob  tftrtglng  this  oftr  aa  tntoablt  of  ptrtieltt  and  ualag  aquatiai  (3*92) 
at  gat  tba  raault 


0 

I 

I 

I 


t  t  ^^11 

?  -  J  J ▼(€)  v(C*)  d6  dC*  .  ?»  I J ,-Ple-€»I  ^  ^ 

0  0  0  0 

Utlng  tlM  tttbttitntimi  (3.89) 


0  -« 


r 


(3.9^) 


1 
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C 

(J 

0 


F  ■  2Dj^t ,  itenD-kTB 

Zf  a  floetaatins  fore*  aota  on  a  ij»tm  wfaieh  haa  a 
fkaqamaogr-Aapantont  atrueturo  It  la  laportant  to  knoo  tha 
ftpoguanqr  or  apaotral  diatrltNitlon  of  tlio  eorrolation  funetlon. 
Lot  A(t)  bo  aagr  flnetnatiac  or  atatlatloal  fnnetloB,  and  lot  tha 
aroraco  oalna  A(t3,  takon  ooor  long  tina  latonrala  bo  aoro,  that 
la,  aaavM 

f 

Ho  i  f  A(t)  At  «  0  .  (3.99) 

0 

Va  alao  aaaona  that  A(t)  la  dlfforont  fron  aoro  only  la  a  flnlto 
but  a  mj  largo  tlna-latorval,  l»o» 

A(t)  ■  0  for  t  <  0  (3*96) 

>  T  . 

At  tho  and  of  oar  oaloulatlona  no  oan  lot  T  go  to  Infinltgr*  lb 
ozpaad  A(t)  aa  a  Poorlor  latogral  by  arltlng 


A(t) 


ahoro:  C(hi)  ■  C*(o)  • 

8 

By  Planehorol'a  thaoron  no  hara 


(3.97) 

(3.98) 

(3.99) 
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«r  dlTldii«  both  ct  this  by  T  VO  how 


H,  do  > 

mm 

(3*100) 

Siaoo  |C(o)|'  la  qya trio  in  w,  w  oan  writot 

m 

(3*101) 

-1 

Ij  |C(n)|*J  . 

(3.102) 

W%  roford  oquotiw  (3*102)  oo  defining  tiio  opootrol  diotribotion  of 
TJ»  fho  ototiotiool  bohoviour  of  A(t)  io  ehoraotoriood  by  tho 
eorrolotion  funotion 

.  ♦? 

#(t)  «  A(t)  A(tfr)  •  li*i  f  A(t)  A(t^T)  dt  .  (3*103) 

J 

-T 

Tho  oorrolotion  funotion  io  a  noaouro  of  how  that  wluo  of  A  at 
tono  tin#  t  affoota  tho  probabilitioa  of  difforont  Taluoo  of  A  at 
a  tiM  t-«>r*  The  bar  indioatoo  an  aToraging  oror  difforont  tinaa 
t  for  a  flzod  wlna  of  r*  To  find  tho  rolation  batwon  ^(r)  and 
tho  apaotral  diatribution  aa  giwn  by  aquation  (3*101)  wo 
oonaidar 

^  A(t)  A(t-»-T)  dt  III  C(o)  C*(o')  dT  jj,  an*. 

-T 


a 


Uslag  tte  fMt  that 


w  §»t  m  tiTiilM  Ij  T  Mi  Ukiag  tte  Halt  m  T  «»  0 


m 

Mr) ‘Jk 


•M«r  it* 


(3.1<4) 


(siaM  ±» 

fb  M*  at 


fimetioa  of  tt  ,  J i«  slaar  itt  ■  O). 


4(0)  -  IF  .  I  A*  itt 


(3.105) 


«•  liaT*  also 


i-if 


4(r)  ooaitr  dr 


(3.106) 


That  la,  tha  oorralatiMi  fooBtlon  4(t)  and  tha  qpaotral  diatrlbutioik 
art  foorlar  tranaforu  ct  9mbb  othar* 

Aa  an  of  tba  fruitfnlnaaa  of  introdooino  Ilia 

^aotral  diatribution  fbnotion  aJ)  ,  lat  ua  raooDaidar  tba  Langarin 
aquation  for  Brownian  notion: 

y  <*■  p?  ■  A(t)  .  (3.107) 

If  wa  azpand  A(t)  aa  a  Fourlar  Intagral  wa  find  at  onoa  fron 
aquation  (3.107) 
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»(*)• 

mm 

Wrm  (3«10t)  uA  (3*102)  m  tevt 

F(tT- Ji; 2i» , 


Using  tfas  rssnlt 

♦UJ.ftfT)  .  F  .-+1^  ■  (3.,oe) 

(this  is  givsB  Iqr  sqmtisB  (3*92)  ia  ths  dissnssion  of  Brewdsa 
■otion)  «s  havs  Aron  •qmtion  (3*106) 

mm 

Sines  n?'^  ■  kT  so  hass  that 

^  "I^P  •  (3.110) 

Sines  doss  not  dspsnd  on  ths  fnsqusnsy  ws  hass  that  7  «  /  a£  da 
bseoass  infinitsly  largs.  Banes  vs  ean  oonoluds  that  our 
aquation  is  of  linitsd  ralidity*  In  partieulary  ths  assus^tion 
that  the  ftdetional  f  oros  is  gissn  by  -0T  iriwrs  is  oonstsnt  nnst 
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iMcrrMt  If  Hm  tftpamtaj  of  th«  •xoltlag  fore*  eaa  liierMtM 
iMinfliiitalj*  flMraftM  •qMtioii  (3«86)  ia  onlj  aalii  iqp  to  a 
eartalB  ent-cff  ftro^naaegr  irtileh  ia  datandaad  ^  tha  aodal  uaad* 
Bda  diffleullgr  eaa  ba  raaoaad  bj  aaanalBg  fiM* 


It  ia  poaaibla  to  fiad  tha  apaetral  diatsributiea  of  tha 
umrgy  danailgr  of  aa  iaotiropio  thanaal  radiation  flold  hj  alloaiag 
tha  radiation  flold  to  aet  on  a  vaaklj  da^od  haraonlo  oaeiUator* 


Va  oonaldar  a  aaaUj-daapad  ala^  hamoaia  oaoiUator 
aetad  on  bj  a  flnetuatiag  faoo  A(t)*  Bm  aquation  of  aotioa  of 


tha  oaelllator  of  aaaa  a  and  oharga  a  ia  giran  bj 


«  ♦  ♦  ajx  •  A(t)  , 


(3.111) 


la  aaouBO  tha  daaplng  foroo  to  bo  froqiuonejr-dapandant* 

Tha  daaplng  will  ba  aaak  if  a*  »  ^  •  la  arito  A(t)  and  z(t)  aa 


f  our  lar-intagrala : 


A(t)  ■  I  C(»)  it 


.*^dt 


Froa  tha  aquation  of  notion  (3*111)  *•  hafo 


H»*  ♦a*  Vlapta) 


(3.112) 


Bm  T  ■  1  la  fiaaik 


(3.113) 


kbcmeUH  te  aquatlona  (3*101)  aiia(3.102)  m  taa  writa 


(3.114) 


i*a*  « 

A  slafpla  traataant  of  IMa  aquation  la  oolj  paaalbla  for 
tha  oaaa  of  vaak  daiipinc.  la  aaaupa  that  ant  p(r)  ara  amoothlj 
rtaejiat  funotiona  of  a  ani  alaea  tha  irnTrlar  oontrlbution  to  tha 
Intofral  ooaaa  ft>oa  tha  ragloo  naar  a  ■  ,  «a  arita 

a 

Wa  intarprot  equation  (3*111)  la  tha  foUoninc  way.  la 
•tart  with  an  undaaq>ad  haraonio  oaoiUator  whoaa  aquation  of  notion 
ia  X  ^  r *  X  ■  0  and  bring  it  into  oontaot  with  a  naoroaoopio 
aodiun  at  a  tanparstura  T*  Iha  natura  of  the  oontaot  with  tha 


(3.115) 


— dii»  d*t«niats  Pirn)  and  A(t)»  In  this  «aj  «•  ••n  asws  that 
ths  rslstlMi  tXfm  tj  squation  (3*1lO  i*  valiA  for  all 
ftfsqBsnoiSB  and  arlta 

Row  BT*  ■  ararata  total  anarsf  c(T)  vhara: 


a(T)  ■  kT  olassioal  jharalea  ,  (3*1 18) 


c(f)  ♦  quantoB  phjalea  ^  (3*119) 


la  eaa  vritax 


^  wm 


(3.120) 


For  a  partlolo  of  aaao  a  and  oharfa  a  in  a  fluotuatiag  flald  S, 
wfaoaa  x-ooaponaBt  is  l(t)  «a  hava: 


A(t)  . 


(3.121) 


and  tfaorafora  wo  oan  writs: 


K  A*  .a(T)  f;p(r) 


(3.122) 


For  an  oaoillator  osoillatin^  with  ftoquanej  m  wa  haws 
(froa  olaaaloal  alootroaagnetio  thaory)  that  tha  daaping  ooaffioiant 


P(a)  is  aqual  to  ^  • 


This  daaping  is  dna  to  tha  radiation  of 


Vj  tiM  0Mlll*i«r* 


tlm«  tiM  •MlllAtw  It  la  thtratl  tfuillbriMi  wl-Ui  t 
MditB  at  twptrtturt  T,  It  anat  httt  an  avaraft  aaarff  giaaa 
aftatitn  (3*115)  «r  (3*119)  •  Biata  to  atko  wjf  for  tte  looa  of 
oaoriy  thora  auat  ka  iraoaat  aa  iaeliaat  raAlatloa  fitlA  alioaa 
opaetral  dlatrlVutioB  it  flaoa  tgrt 


<  ■  «(*)  f  ^  9(<»)  ■  «(*)  *  (3*123) 

I 

Bm  oToraco  anorgjr  danoltf  of  tharaal  radiatioa  it  glTta  tj 


(3*12^) 


for  itotropia  radiation  aa  hava 

that  it. 

Tharoforo  tho  opootral  iiotributioo  of  tbo  anargjr  dantilgr  anat  ha 


(3.125) 


tn  da  it  tba  inoidant  onorcjr  donaitj  of  tbo  tharaal  radiation 
fiald  in  tha  fTo^noy  Intaml  botaaan  a  and  a  4  da*  Wa  caa^  if 
aa  with,  think  of  tha  wallo  of  a  earitj  oneloaing  tharaal  radiation 
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M  m  e^«otlcD  ef  a—p<d  h«rMBl«  o— 

Itjr  •onsliarlag  tlw  •••illator  fcat—an  th*  tw»  «r 

a  Mpaoltar  (aaparatloii  AistaiMa  a)  jolaad  a  raalataiwa  I  it 
la  poMibla  to  ahmr  tiMt  tiMra  azlata  a  flaaplnf  gtwn  Ij  8  !• 

Ihia  daafim  ia  daa  to  tlw  Jaala'a  boat  laaa.  Oao  aaa  Aow 
^Cf8  ■  ^  alwra  C  la  tiw  o^aol^  af  tha  aapaaitor  and  T  ia  tha 
flvMtuatlnc  Toltaga  aaraaa  tha  oafaoltor.  t^jrqalat'a  faraalaa  oaa 
alaa  ha  darlTad  In  tbla  aaj* 


86 


Zf  MnOD  Of  WLDnCH 

fiM  jrtntiM-i  f«r  salvlai  apMlflt  frdbliM  «f  •fuUibrlw 
railatlM  will  outliMA  1b  Ihls  MOtlMi*  It  will  ¥• 

•IMM  ka*  IjtBf  |roM«4s  to  •VBlaBtt  ^  Mastut  arialaf  Ib  Hm 
•crrtlatloB  ftaatlMi  f«r  tlw  flBStoatlaf  flali* 

Zb  Hm  Btaljr  «f  BfitlllbriBB  radiatiaB  ftr«a  a  kaanlat 
aatlBBf  tka  flrat  stap  la  ta  flBi  a  aalBtioB  for  ^  prlaaigr 
flalAa  vltklB  tte  bo41«b,  B»  mA  H*  iMak  AapoiriL  ob  tko  raatoB 
flalA  K  aal  ililak  aatioiy  Ika  kaala  aqaatloas  (2*89)t 

C«rl  it  -  -  ilcA 

Curl  it  ■  Ikait  ♦  lk(a-1)K  (4*1) 

otera  It  la  aaouBOd  Ikat  tkMra  ara  aa  aa^piatla  laaaoa  in  tka  boAIob 

(■•0). 

An  ozpraaaion  la  than  nrlttan  far  tka  flaUa  Ip  aod  1^ 
uhlak  rapraaant  Ifaa  raflaotlpn  uitklB  tka  boAIub  of  tka  prlaarj 
f  lalAa  It  an!  8t  •  At  tha  bounlarlaa  Ip  an!  anat  aatiaiy  tka 
kaala  aquatlona  (2.89)  vitkK>0,  l»a» 

Curl  Mp  m  •  ikfiBp 

Curl  ^  >  ika^  .  (4.2) 

Tka  flalda  I  an!  H  in  fTaa-apaea  outaida  tha  koundad 
aadiuB  ara  than  aaauBid  to  aatiafy  tha  kaaie  aquatiana  in  Taauua, 


•9 


ilaik  i»,  wiHi  |i  ■  1 

GmA  B  >  -  ikl 

C«rlB*ikB.  (4.3) 

9»  fHMMl  aolMiiMI  t£  tiMM  ViTlOM  Mts  cf  Blftfir- 
Mitial  •foatioM  Mgr  k«  arittaa  la  tta  fora  of  a  VovrlM*  aarlas 
apaaaiaa*  Xa  ftnaral  Hm  aolatiaa  for  Hm  alaatria  fialB  Mgr 
ka  arittaa  la  tta  fora  of 


III 


ai  at  ap 


•»(»)  • 


(4«4a) 


itera  la  ^  propagatioo  aaotor  ■  (2oAii)p 

p  la  a  unit  raotor  la  ^  dlraatioa  of  propofatloa 
A||  la  tho  MTalaofth  of  tha  a^  «a?a  la  tha  azpaaaioa 
Zi  ,  jca  f  Zj  ara  tha  projaotlooa  of  r  along  thraa  Cartaalaa 

azaa 

•» 

Ph|  *  IVu  •  ara  tha  projaotlona  of  p  along  tha  aoM  azia  « 

la  prdblaM  irtara  tha  aodlua  aztaa&a  InAaflnltalj  along 
a  glToa  dlraetion,  it  io  uaaful  to  arita  tha  ganaral  aOlution  aa 
a  Pourlar  integral  azponalon. 


dpi  dpa  dps ' 


d(r)  m  I  jj  *(p) 


^l(ptzi  ♦  paXi  ♦  psXs) 


•(p) 


IpT 


dp 


(4^) 


^wr«  dp  *  dpi  dpa  dps  . 

In  pnrtleular  tills  kind  of  oxpsnslon  is  usod  for  sacprsssind  tho 
randoa  flsldK.  Ois  •xprosslon  for  a(p)  is  eibtsinsd  trcm  tiM  Poorisr 
trsnsforn  of  A(r): 


«(p) 


TwjTl 


A(r) 


ax.  ax.  a:., 


(4.5) 


fhsn  using  the  integral  expansion  for  X,  the  sans 
restriction  as  for  the  expansion  (lqn.3W^)  applies.  This  type  cf 
expansion  oust  be  regarded  as  a  formal  representation  of  a  Foorier 

series. 


For  tho  three  sets  of  differential  equations  (A.1)(4.2) 
(4.3)  the  solution  for  the  eleotrlo  Teotor  oan  then  be  expressed  in 
the  foUeelng  uay.  The  prinaxy  field 
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rme  tte  r«flMt«A  timlA  insii*  tte  MdioB 


%-(*•)  ■  ^  ^(p) 


t«a*? 


for  tiM  tranaalttad  fl«ld  outald*  tte  Mdlm 


*(r)  ■  )  «n(p)  • 


i^*r 


(4.8) 


(4.9) 


,  tn  aad  ^  tesorib*  tte  dirvotloo  and  ■agnitna*  of 
tte  propagatioo  yaotora  of  tte  yarioua  vayaa.  Ihaj  ara  la  gaaaral 
ralatad  bj  bom  oonatanta  tepandlng  oo  tte  gooBMtiy  and  tte 
alootronagnatlo  propartlaa  (a,fi)  of  tte  nadiun.  Tte  ooaffloianta 
an  ,  b||  and  Oq  nay  contain  aora  than  ona  tarn  for  the  oaaa  of  wayaa 
propagatiiig  in  oppoaita  diraotiona* 

Tte  azpraaaion  for  tte  nagnatio  fiald  yaotor  aquation 
ia  than  obtainad  by  naana  of  tiia  f irat  aquation  (Curl  l)  for  oaoh 
aat  of  fundanantal  aquations  (4.l)y(4.2),(4.3).  Using  Xqns.  (4.6), 
(4.8),  and  (4.9)  this  loads  to 
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«i(r)  C^x4) 


iJi-r 


(4.10) 


lt(r)  *  “  ^  ^  X  ii) 


.►  .  ♦4i'» 


(4.11) 


H(r)  ■  “  i  ^  (^  *  ^i) 


it^>T 


(4.12) 


tj  BMiia  of  tho  Mooad  oqaatioo  la  (4.1 )  nA  tte  oquatloiw 
(4.6), (4.7)  obA  (4.10)  on*  bbtalaa  aa  asprassioa  for  tka  ooaffleioBt 
la  tana  of 

Iha  ooaffloiaata  aaA  ara  thaa  aTaloataA  la 

appljlag  tha  boioidaxy  oooAitloaa  (11 ), 


ax  (Bo4>Bi)  kbxB 


a  X  (Bd  X  Hf )  K  a  X  H 


(4.13) 


aaA  tha  ooadltimia  that  at  tha  booaAarj  tha  phaaa  of  tha  wana  la 
aqual 


«  1^.?  «  tn«?. 


aad  that  dlT  Ir  ~  ^  B  ■  0,  l.a< 


•n*'>B  ■  0 


(4.14) 


0 


(4.15) 


D 

n 

u 

(] 

D 

B 

0 

0 

'] 

[J 

u 

0 

I 

I 

0 

II 

r  ’ 

L! 

y 


9m  MlatlflB  of  tiM  six  oquotloiM  oktolaod  trm 
WoaAttgr  ooalltloM  oUom  ax  oaq^loit  royraaratatiiM  of  Is 
of  &  Mi  tte  othor  ooMtMrto  of  tbo  ojstoa* 

9m  istOMltj  of  roilAtloii  ootolio  tho  beoBiod  ■oilMo 
is  obtolaod  bgr  ooloolatiM  tbo  ofooo  oat  tlao  ooorof  «f  ^ 
VBgrBtiag  tootor*  9da  roiiMoa  tho  probloa  to  tho  oooluotioB  of 
tho  opooo-otroroco  of  Hio  osprootloo  (3*7  )•  Thno 

m*  ♦  vm  J  (4.i<) 

ohoro  la  tiM  latoBallgr  of  radlatloB  aad  tho  bar  ovor  tho  protaot 
laiioatoa  tiM  apaoo  arorofo  tho  prodtMt  of  tiw  2  aai  2  oaotora* 
9m  fiaal  oqprosaioB  to  bo  oaleolatod  will  bo  of  tha  foni,  aaliiti 
(b.l6),(b.9),(lMl2), 

^  *  **  -  ^  ^  ^  *  tj,,  X  ^,,(p) 

«•  n** 

aad  ainoo  ^(p)  oaa  bo  ooqprooood  la  toraa  ^(p)  tho  fiaal  eparatloa 
ooBsiats  la  oraluatiag  tiio  apaoo  OTorago  of  tiM  prodnet 

*  i(p')  $  that  la»  tho  apaoo  oorrolatloa  ftoMtioa 

■  ^f(p*)  *  %»»tP*)  *  Ijrtoo'a  aotatloB^ 


(P*,P**)  -  &^(p)  -  2,(p*)  ^(P**)  (4.17) 


Uaij^  am  latafMl  rfr«iwit>tiop  f«r  K  (ivi*  V) 


Kp)  ■  JjJjT  j  tt(?)  •"***» 

mm 

•ad  tlM  eMTalatlMi  fontticB,  l4a.(3.12) 

f^(r)  .  Cl^  l(?)  .^(r•)  X*(r»*) 
tlM  f«ll«vlac  MvraMiw  is  AtslasA  f«r  ths  ewrslstli 

•(?)  MB) 

Xs  tks  esss  ct  s  flaits  eerrslstion  radivs  ss  dsflasd  ^ 

♦ 

Bqn«(3«13)  sad  (3*10),  ths  fttwtion  hsocass 

\tpt(p)  ■  P  A  !(♦)  (4.19) 

shlsh  f«r  s  ^  0  giTSs  l^•(4•18)• 

To  soIts  tiw  problsa  nurloslly  It  Is  still  osessssxy  to 
OTslvsto  ths  oonstant  C  in  tiio  oorrolstion  fnaotim  (4*18)  •  Ths 
STslnstion  of  C  is  obtsinod  bp  stodTlag  ths  floor  of  oquilibrioa 


raiUAtloB  trm  «  Mai-iafiiiit*  tgmf  >owted  wi  iaflalt*  ylaM. 
Shi  riiolti  art  tham  a«qarad  aith  Klraluff  *•  laa  (aaa  hjtaa). 

1,  -  1^(1  -1) 

f«r  iridah  thara  la  aa  raatrlatiaa  ooManli^  tha  ahaorptiailgr  la 
tha  aidlaa. 

^  la  tin  iBtaaaligr  af  raiiatiaa  la  Iha  aaflii 

ii  itm  iatanailgr  *t  raiiatiaa  la  ftaa  apaaa,  aai 
t  la  tha  raflaetlTilgr  for  laaliMt  aa  tha 

latarfiaa* 

Iroa  ttla  ao^arlaon  hjtar  ihtaiaa  tha  foUoaiag  aalaa 
for  tha  oonataat  C« 

« •  ^  iw  (rtr)  (»•») 

Zt  alll  ba  aboan  la  ttia  aazt  aaatioa  that  tha  oaa  af  tha 
oooataat  C  (l^.  K*20)  in  tha  aralaatioa  of  tha  aqulUbrina  radiation 
trm  a  ayliaiar  laada  to  tha  aiqpaotad  raaolta  for  tha  oaaa 

diara  tha  gaoaatrieal  optiaa  tbaoij  la  ralil. 


T  lAPIinCW  nm  a  tm.inm’mti. 

Sbi  •q^illikriaB  radlatlMi  trm  •  •yllairlMl  flawa  cf 
radlM  *«*  aai  «f  iafiait*  l*agtli  will  >•  darltvd  «««<■§  l^jrtaT** 
tlM«y  9t  tlMrMl  niiAtim  m»  witlliiti  tibAwm*  S«ek  •  Mlvtiwi 
!•  lapM'teBt  Mt  Mlj  ttt  Its  pMslbls  i^plisstlsas  Wt  also  f«r 
Its  ibsorstissl  lapllssti«M*  Zn  fisst,  ths  prsssat  darlsstisa 
yrsTites  sa  sssst  trsstasat  to  ths  jrthlMi  of  radlstlas  trm 
tjlislrisal  todisa  Inolaiisf  sash  sffoots  ss  Istsmsl  roflootioas, 
polarisstloa  sad  difArsstlaa*  It  Is  slso  Tslld  far  saj  rsacs  af 
flroqiiMiMlsa  of  ths  rsdlstioa  spootnai  sad  for  sagr  also  of 
hjliadsra*  Tbs  jarsotlssl  sspsot  of  this  probloa  Is  das  to  ths 
foot  that  it  dsasrlboa  s  TslaShls  ssdsl  far  ths  stadlgr  of  sq^l- 
hrltsi  rsdlstioa  froa  Ihs  asks  of  s  rs^oatrjp  rohlslo.  la  dorlslat 
ths  solutloo  for  ths  sadasloa  of  radlstloo  hj  s  szlinOrlosl  bolj 
it  vlll  alas  bs  ahosn  that  tho  solutioa  aagr  bo  sjqprssasd  in  toms 
of  ths  possr  sbsorptiTitjr  of  tho  bodj. 

In  this  problsB  ths  prisaty  flslds  Id  ,  lU,  ths  rsflootsd 
fiolds  !(.  D  %  and  tiio  tranasittsd  fislds  I ,  H  hays  to  satisfy 
rsspsotiTslj  ths  basis  diffarantial  aquations  (4.1), (4.2)  and  (4.3) 
arittsn  in  o/llndrloal  ooordlnatss.  Slnos  tho  solution  sill 
inrolTS  tho  doaoriptltm  of  wstss  propacatin^  trm  a  ojllndsr,  ths 
indopsndont  fundaaontal  solutions  sagr  bs  arittsn  in  toms  of  ths 
tfarso  basio  Tsotor  solutions  (M ,  I  and  L)  of  ths  wars  aquation 
(Stratton).  Sjtor  aritss  thsss  partloular  indspsndont  solutions. 
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wlac  th*  ogrllndrleal  eeordliMtttts  r  ,  #  ,  s  In  th*  f nllovlnc 

■  ^(rrf..)  .  1.)  (5.1.) 

ijir*..)  -  (1^1,  .  1.  *  ^  (5.,,) 

Wr.*..)  .  (*;  1,  ♦  t  »  (5.,.) 

«Mr«  ii  ,  la  and  la  ara  th«  unit  uaetara  ralatad  to  tha  eoordlnataa 
r,i,M  raapaetlTalj.  m  Z^CAr)  la  aagr  qrUndrloal  function 
of  order  n«  la  tha  darluatlra  of  Zj^  with  raapaot  to  r* 

A  -  Vq»  -  h-  (5,2) 

where  q  ■  k  V^T  la  tha  propacatlon  eonatant  inside  tha  ejllndor. 

In  ftoo-spaoo  q  ak  and  A  >  Ao  ■  yi*  -  h*  . 

The  functions  gieon  in  Zq.(5.1)  hsTO  the  foUoning 
propertios:  ^ 

Carl  H,  . 

'”1^-  tk  (5.3.) 

•* 

Curl  Ln  B  0 

-  0 


dlTlI„ 
diT  1^ 


0 


(5.3b) 


Zb  tte  MM  of  •qoBtloiio  (4*2)  ani  (4«3)»  tmr  iriileli 

dlT  ^  ■  dlT  ■  ■  0,  tha  partioolar  aoZatloB  will  iBfalM  a  liaaar 

aai*laatlaB  of  Hia  aaA  fMatioM  oolj.  For  afaatlona 

(4*1)  (ilT  l«  /  0),  tha  tbiM  fMetiOM  aai  viU  ostar 

iB  tta  aalstloB*  Hm  fOBaral  aolatioa  for  aaah  Mt  of  aqaatlona 

(4*1  )f  (4*2),  (4*3)  vUl  thBB  4a  ratroaaatad  hj  a  liaaar  asfaBaioa 

(oMT  B  aa&  h)  of  aaeh  of  tba  ftaotloBB  l^|  ,1^  aai  Zt  la 

tbaB  pMilbla  to  fataralBa  tha  aooffloiaBts  of  tbaM  azponaioBa 

^  •• 

4aeauM  of  tba  orthogoaal  propartiaa  of  and  In* 

Tha  partlottlar  aolutioBa  for  tha  olMtrie  flalAa  l«  > 
aad  I  oaB  IhoB  ha  arlttaa  aa: 

<♦  ♦  ♦ 

■oB  -  ^  *  hihi  *  ^ 

*rB  *  ^nAi  ♦  *nAi  (5*4) 

irtiara:  ,0^  t  ^t^ra  t^B  »  Qb  •**  ooaffioirato  dapaaiinc  ob 

B ,  h  and  r* 

1^ ,  Kq  aad  L||  ooBtaiB  ojllndrioal  foaotioBO  of  tha  tjpa 
Zq  ■  Jn(^}  (BosmI  funetioa)* 

9  Z  Z 

■b  »  Kq  aad  Ln  ooBtaia  Zj^  ■  !^(4r)  (WouBan  faBOtioB)^  aad 

1^  aa^  ooBtaiB  Z^  ■  I^^^(Xer)(EaBkal  fuBOtiona  of  tha 
saooBd  kiad). 


Bm  fnwral  sttlntlMi  !•  «  Usmt 

•aakimtioB  partlealar  tfllntiMa.  fh*  orthofoml  prop«rtl«a 

^  ^  ^  yaniit  a  •valatla  of  tlw  eooffieloBto  la 


MltttlMU  for  Bm  Torloao  flolds  iMlio  aid 
ovtolAo  ^  ogrliaAor  or*  wqprooMd  u  follovst 


tho  yriaoiy  floldt 


£/ 


1,  .  \  /  (il^j  (5.5a) 


•f  iH  4>  M)  ih 


(5.5W) 


Iha  raflootad  fiald: 

*r  ■  y  /  (Vt  ♦  vi)  “>  (5.«») 

J  (lA  ♦  bA)  «B 

B*  •«  •« 


(5.6b) 


100 


Xte  f  l«lt  otttslA*  ^  MdluB 


(5.7«) 


t  ■  i 


^  I (i<4»4)ah 


(5.7b) 


lb*  soHMitloii  over  n  has  baan  tranafonad  into  aa 
iatacral  asqMmalon  ainoa  tfaa  qrliadar  axtanda  tram  .«  ta  ^  along 
tha  a-aada*  Iha  aacpraaalon  for  tha  R<^lalA  haa  baaa  dadnaad  tram 
tha  aquation  for  tha  l>flald  bj  aaana  of  aquationa  (V.1)f  (4.2) 
and  (4*3).  Iha  dataminatlon  of  tha  eoafflolaata  dn » Bn  •••  Pn  • 
aa  funotion  of  r  ia  oarrlad  out  in  tha  Appandia. 


Aa  Indieatad  in  a  praaioua  aaotion  tha  randoai  fiald  K 
ia  axproaaad  by  aa  iaflaita  ai^onalon  ia  tama  of  tha  funotion 

“  ^5.8) 


n*»«  mm 


and  ita  Fourriar  tranaforn  ia 

^nhC**)  *  (aTyH  /^  /  (5.9) 

mm  mW 

On  tha  surfaoa  of  tha  oylindar,  tha  bonndaxy  oonditiona 
(4.13)  taka  tha  fom  of 
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®o«  *  %■  ■  ®i 


(r-»)  (5.10) 


IHb  tlMM  ooatitlflM  it  is  pMsibls  to  oiqpross  P  sai  Q  is  toru 


€f  i  sad  1  lidoli,  ia  torn  om  bo  azprosaod  bj  Idio  ocapoasats  of 

^  •• 

0  (iooa  bgr  Bq.CS.S).  no  oorrolstioo  fSaiotioa  for  tbs  fioU  K 

in  ojliadriool  eoordiastos  is  arittoa  ss,  (nsiag  lqBS«(  5*8  )  sad 

(3.12),  _ 

-  I«(r,4,s)  lj(r„4„s,) 


.  0  (r-r,)  i(s-s,)  (5.11) 


shsro,  s,  p  ■  v,^,m 


from  (5*9)  sad  (5.11)  oas  obtsias  tiio  eocrrolstion 


foaetion  for  0,^: 


c  »■  »(»-•><)  (5.12) 

iriioro  tho  oonstsnt  C  is  fiton  bjr  lq»(4.20)» 

It  oan  bo  shoon  (soo  tho  Appondlz)  that  tho  pooor  oaittod 
por  unit  longth  of  tho  (^lindor  in  tho  froqnonoy  raafo  «  sad 
« 4-  da  oan  bo  oxprossod  In  tho  f  oUoniac  aanaori 


»« 4-k  «• 


dh  J  dh,  A?  [  |P|*+ lol*  ] 


rsr-k 


(5.13) 


J 


u 

n 

u 

LI 

U 

0 

0 

0 

!1 

LI 

0 

i: 

u 

y 

I 

0 

[1 

f  ! 

1 

L 
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■•Miitlallj  pr«blM  rtOiiMt  to  ttao  otalootios  af 
tko  tpoM  omfo  (f|*  ant  |q|>  la  tonM  af  tka  apooo  oorrolatiaa 
ftaatiaa  lq*(5*12)|  thia  la  oarrloA  eat  la  dotoU  la  tiie  i^ppaalix. 
9m  fiaol  roaolt  eoa  be  exireaaed  la  the  feUeeiag  mjt 

p, .  £  I I*!') 

ap.«.  -k 

K  l>l* 

♦  -  kh.i J*  [(x;*At)l  *  (5.14) 

akeret 

A  •  A«At-l* 

At  •  H*J  -  W* 

At  ■“•J 

H  .  (4,.) 

with 

;  Aj«k*-h*  5  q-  JcVa?  J  Y  » 
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fii  a  plMM  tb»  pr— ■bllllqr  It  wgr  b«  asraMd  kmI  to 
mdtj  but  IIm  dlalMtrle  eonstuit  •  is  usoaUj  eosplsz  aoi  glssa 


,(10) 


s  ■  s*-  is** 


is  ths  eoUislflii  fMqusnqr  tat  ths  slsotrsns, 
sad 

Sp  is  tbi  plsMa  sstursl  fkvqnsnsp  giTsn  hj  ths 

rslstion  #•  ■ 

P  ■ 


iriisrs  a  is  ths  slsotroa  eoaosatrstioa  (oa*’) 
s  is  ths  slsotronlo  ehsrfs 
a  is  ths  Bsss  of  ths  slsotroe 


Iqustion  (5*14)  oonstitutss  ths  forasl  solntioa  (ia 
iatsfrsl  fora)  to  ths  problsa  of  sq^ilibrilal  rsdistloa  froa  s 
Ojlladrloal  bodj.  It  is  valid  for  saj  ratio  (a/X)  of  ojrlladsr 
radius  to  ft«s-spaes  wavslsafth.  It  is  also  valid  for  aaj  ualas 
of  («p/s)*  ,  l«s*  for  soar  valus  of  slsetroa  eooomtratioo  aad 
frsqusaoy  of  radiation.  Hossvsr,  bsoauss  of  ths  ooaplsrLty  of  ths 
szprsssion,  sxaot  nnasrioal  sedations  aaj  prssuaablj  bs  obtalasd 
onlj  with  Ihs  hslp  of  slsotreaiie  ooaputsrs.  Howsvsr,  in  sons 


-  10^ 


llaltlf  MMs,  it  is  poMikls  (•••  J^psollx)  t*  siapliiy  •quatioB 
(5«14)  aat  iatsfrsts  it  diz««t3y.  8«m  of  ttsM  mms  will  mtm  b« 
iisenusA. 


(«P^)*  »  1  ttaa  (»/»)  >  1 

Ais  sitoatiMi  rsirssMits  tte  low  ftrsquMiqr  apfraclMtiM* 
Zb  this  MM  »  «•  BBi  tiM  ••MBtiallj  MmMS  M  « 

oondiMtcr.  thiter  this  appirtadMtioB  lq*(5*14)  rsdaMa  t« 

If  WT7^.t/u)^\> 

ap.«»  -k 


[w  •  .  J?  (w .  ©■)]  ■  (“*i5t^] 


with 


P 


(5.15) 


This  solution  is  wslid  for  aqr  tbIuss  of  ks.  Altiiouffh  it  rsprsMnts 
s  oonsidsrabls  si^tlifieution  of  Bq.(5.14),  it  is  still  too 
oosqpliostsd  for  dlrsot  intsfrstion*  Tbs  following  approodastions 
srs  thus  stulisd. 

(l)  If  ks  »  1,  i«s«,  if  ths  radius  of  ths  oylindsr  is  Isrgs 
Bq.(5.15)  osn  bs  intogratod,  it  baooass 


(5.16) 
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i*f  ia  'ttM  aaiaalT*  povar  par  unit  araa  of  tha  ^lladar  and 

baa  baaa  ra]4*MO  hr  tha  Iqrlal^HJaaaa  lav, 
d  la  tiia  akin  daptb* 

Zb  tarva  af  Uta  plaava  paraaatara,  tba  akin  dapth  far  (v^a)*  »  1 
and  (a^a)*  >  1  ia  giaan  bj 


d  ■ 


•P 


Aa  ana  vould  aocpaot  tha  iatanaitj  of  radiation  fron  a  ooaduotiag 
ojUador  ia  proportional  to  Ita  akin  dapth. 


(2)  Zf  ka  «  1,  but  a  >  d,  lq.(5*15)  baoonaa  aftar  intagration 


p  ^  KTkad 


(5.17) 


Thia  dlffara  trm  Iptor'a  raault  iridob  ia 


Iha  dlffaranoo  ia  duo  to  tha  OTaluation  of  tha  intagral 
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*•**•*» - 

-  kfidBOM*#  ♦ 

(3)  ka  «  1  and  a  «  A 

Jbdar  tkia  e«nlitl«i  tha  pli—  WhaTis  aa  a  poerlj 
oonAaettng  ojllndar.  Tbm  aelntlon  tkoa  oorrasponda  to  tka 
Unitiag  eaaa  ahara  a**  baacaaa  aaaU.  It  ia  found  that  andar 
thia  approadaatloB  lqB*(5*15)  radnaaa  ta 

Pgjj  a^kaZ^  a**  (5*^8) 

Sobatitutiag  far  tha  tagrla1«Waaa*a  law  om  flnda 


that 


107 


-APPtlTDZZ- 

vmxfMsim  ot  %iB  soluikii  pcr  m 

■QOZIiZMZai  lADimOl  ftw  a  CILHOBt 

appMAiz  is  prsssntsA  to  ssolst  ths  rssisr  in 
follovlii«  tmplAlj  tte  dsrlTstiflii  of  tiw  solntioa  as  first 
prosontsA  ^  Ijtov*  Za  forlf^fiac  ths  solution  it  uss  fcnsA 

that  a  oonsidarahlo  saount  of  alfsVraio  aanipiilatioaa  had  to 

•* 

ho  psrfonsd  to  a«M  of  ths  oquatioos  prosontsA  in 
AppsnUx  of  Ajtor*a  aonofraph.  As  a  moult  ^s  sootion  eaa 
ho  rofardsA  as  an  oiqponaion  of  ths  Appsndiz  Zf  in  Sjtor's 
■OBOcraph*  Ihs  notation  is  leapt  ths  sans  so  that  it  is 
possihlo  to  ooapam  aquations  dirsotlj*  Zt  should  ho  notsA 
that  ons  of  tlio  approzinats  solutionB  AsrimA  ham  doos  not 
aerso  nith  lytor's  nork«  • 


^iWD  fti 

Bm  fOTtr  f«r  wit  Iwgtli  of  tko  ijUaior  lo 

ovolnatoA  trm  tiio  r-coapooMt  of  tte  P<qjBtiag  in  iho  foUoidag 
(ttolag  Iqa.  4*16) 

♦*  ♦» 

P|,.r|  (A-1) 

Valof  l«i«.(5«7a).(5.7b)  oaA  (5*1)  lot  oa  wito  tte  oo^oMsta 
^  and  ^  ;  tbqr  aw 


B  ^ 

HJ  «  -1  ^ J  dh«  p*J  ,-*(*M^^hia) 


Ihalr  jrodnet  ia  flTon  tgr 


n|B|  B  <M 


♦  °  (A-2a) 


In  a  aiidlar  waj  tlia  othar  tana  of  l^.(A-l)  obtaiaad  and  aro 
piTOB  tj 


-  109 


n  m*  ^ 


Jk^z*z  ♦ 

r 


4  iJqI*  ^  i^«<J (a-1  )*3 


(1p») 


^  -  EZ//  ^  r"^*^**  ****  ” 

n  n*  • 


krr  J 


(1p2o) 


n  n*  ■ 


lu. 


z*z  - 


.  i|Q|«  ^  2«**J  ,“ir(iMi«)#*(fc-hi)*]  , 


(A^) 


Zb  eoablalaf  ilM  •quatiens  (A->2)  with  (A->1)  on*  ailwa  bm  of 


♦1 

i 


Also  MsvM  h  ■  hi*  Siaos,  as  will  ba  shown  latar  ths  ooaffleisnts 
|?|*  and  |q|*  eontalB  a  Dlrae  dalta  fBnotlon,  ons  obtains 


Pa  ■  W  Z/  I  ♦  IqI*]a;  (Z*Z*  -  ZZ'*)  (A-3) 

n  h  hi  (E-IP.13)t 


t  Iquations  prsssdsd  bj  ths  lottar  K  rafar  to  tha  aquations  in 
IjtoT's  Bonograph* 
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i«Mr«  X*  -  A*  -  q*-h*  -  k*-k*  U  rUL. 

Kt  iMT*  s  ■  (X«r)  •  so  «M  hM 

*•  -i  t<“<*T)l  -  Our)  -jt 

*’•  •  [i  tUfOUr))]*  .  »;  [[!{;,  (*rtf)J»  -  tltf’iArf))*] 

tt> .  w .  (*«.)<*&«)-*:  Cl  (*!»•) 

two  •••••  Muit  b«  ataiiad. 

(a)  far  {hi  <  k  ,  A«  la  raal  and 

2*Z«  -  M**  .  (X.r)  Hj«(X.r)  -  H»(X.r)] 

akieb  glTta  ualaf  tfaa  fanaula  ^29,  p*  198  in  HoLaohlaa^^^  ^ 

Z«Zt  .  2Z**  -  -  ^  (A-5) 

(>)  far  ih|  >  k  X«  la  Inafinary 
Zn  thla  oaaa  A«  r  ■  ^  r 


-  Ill  - 


If  Our)  .  »,-««  I  (»•»)  *  '»-1 

if (uur)  .  (-1)“*’  ^ 

^MtrtiiiV  HwM  iat«  B4p*(Ai^)  tXf* 

%*%*  -  ■  0 

zt  is  4hM  MM  tfcst  rsstrlsts  Ihs  rsafs  of  laisfMtlM 

iriifMi-kts4k.  nth  ths  1-^  rf  ll^.(A-5)  ^  ^ 

ts  srlts  B«»«(i^3)  ••  fsllMS. 


-  Ill  - 


1  .  n|  W  fuiMb  OmTS 

goat  c(MificiaHfl  a«  iip  i. 


Bm  aast  atof  e«Miat«  i»  falnatlBt  tha  eoiCflalaata 
|?|*  aad  1^*  la  t«M  of  Bm  fOMtiM6|^(r)  aal  tko  attar 
faraitara  of  tta  jre%loaa»  9da  la  ioaa  Ij  aakotitutiag 
B4ao*(5*5)»(5«0  (5*7)  lata  tta  ^waniary  awaditioaa  giaaa 


\j  lfa«(5*10)«  fha  j  ocapoBanta  of  tta  alaatria  flald  at 
toaalaxy  i«a  la  giaaB  tj»  ualiV  B4M*(5*1)» 


in* 


(A^> 


*r»-£  /  -  »r  a  (Mb) 

nmrnm 

-  Safe*)  (A-8a) 

ahara  J  .  J„(Aa)  J*  .  [Jk(Aa)] 

I  -  "*  •  A 

H.  J^(A.a)  H*  [l^r(X.a)] 
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: 


Hm.U-8)  lato  th*  first  hwaUrj  ooodltloii  l*sd*  to 


AJ*  ♦  iV*  o  JlJ*  ♦  55  ^*^  '*'  *  '*’  ^ 


Aiailarly  with  tho  otiitr  boantocy  oondltioM  oao 

^(■JoW^V)  "^V 

yj^lJ*  ♦  Ml*  ♦  V  ♦  ^  (U  ♦  i»  ♦ 

V) 


(A-3») 


(A-9k) 


(A-90) 


a|i(iJ^AIIoArJ)  -  ^  V 


(A-9d) 


•bA  a^f  bo  osproisoA  in  tonw  of  A  and  B  la  tho  f  bllooiac 
war.  lowritiag  (A-9b)  oaA  (A-9o)  oo  foUowo 


(B  ♦  B,)  J  ♦  Ml  -  5  ^  W* 


(A-9b) 


(•  ♦  Br)J*  ♦BII^^(AJ^AII^  XgJ)  -  ^  (V*  ^  S 

Hwltiplyiiis  (A-9b)  by  J*  oad  (A-9o)  by  J  oad  «*trootia«  oao  froa 
tho  othor  loads  to 

1(1W*  -K*J)  -  J?  (A^  ♦  ^  -  -  y  A*  ^"y  ft  **0®^ 


(A-10») 


MbBUimtiag  (U  *7k  *  V)  Bvu(A-9i)  lato  thla  aqrataion 
iMia  t««  naiaf  tte  r«l»tiMi  JR*  -  J'V  ■  ^  • 

&i  a  ■lailar  mgr  om  obtalna  trm  th*  BqBa*(A-9) 


(A-11B) 

(A-lOb) 

and 

(A-10a) 

Spring  Iqna.CA-lla)  and  (A>11^)  far  and  Qg  laada  to 


(A-12a) 

aa#  aa# 

(A-12b) 

nhara 

A  ■  A|At  •  d* 

(A-IOd) 

By  tubatitvtlag  lqiM«(A»12)  into  Bqii»(A-7)  it  la  found  that  tho 
axproaaion  for  tha  powar  aaittad  par  unit  langth  of  tha  oylindar  la 
givan  hy 


(A-t3) 

(1  lf.17) 


f-r-lS'C®’"-'"'*''’ 

mum  -k 

-3‘ly^W*  ♦*?»)! 

Bw  fr^lM  is  nm  rsAotsA  to  ths  snlastion  of  ^ 
•esfnelsaU  A.  aal  in  to«o  of  th*  oouros  ftaaotlo®  G^(r). 


LI 


TMW~t1i|  am  MfraMioM  far  It  •  Kf  u  flvwi  Ij 

l«M«(5«3a)  $  (5*5b)  aaA  (5*8),  lota  tiM  aaaaai  Manau  afuatlaa 
laada  ta,  aiaaa  tka  aaaa  aMaatiaa  aad  latocntiaB  rai^  affUaa 


ta  aU 


•/**  nff 
“W. 


y  Carl  (AM  ♦  M  ♦  iV  ♦  M) 


-ikaCAI^M^a^Al^iS^a^^  (A-lO 


Bat  ftraa  B9ia«(5«3a)  and  (5*3k)  aaa  aaa  arlta 


Carl  iV  •  A  Carl  B  -  [fAxV]  -  qAl  -  [VAxV] 
Carl  IH  •  B  Carl  I  -  [fBxl]  -  qBB  -  [fBxl] 
Carl  IS  ml  Carl  I  -  IfAxi]  ■  qll  -  [TAxB] 


(A-15) 


Carl  M  «  B  Curl  If  -  [fBxl]  »  qBI  -  [fBxl] 

Zntrodaelag  I91B.(A-15)  inta  Bq^(A-IA)  fiaaa 

m0  0m  0m 

fAxI  ♦  fBxl  ♦  flxl  ♦  fSxl  -  q[a  ♦  »  ♦  ,l(BfHa)  j  (i-ig*) 


Froeaadlng  in  tha  aaaa  aaj  vlth  tha  first  aqaatian  in  lqns.(  A*l)» 


obtains 


fAxI  ♦  fBxl  ♦  fCxL  ♦  fAxI  •»>  fBxl  •»-  fCxL  •  0 


(A-I6b) 


9ia  cradiMta  ofAyByCfAyB  and  C  Iults  a  ooafponant  only  with 
raapaot  to  r.  So 
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?A  «  A*i«  ;  VB  «  B*i«  |  ^  «  C*it 

With  thi  iMlf  if  Bqai*(5*l)  it  is  thMi  pMalbli  to  wlto  tho 
tluroo  ooipiMBti  if  BqB*(A-l6i)  •  Om  obtolns  far  tho  OiaipoaMit  of 
ill 

♦  6^  •  0 

(CZ  ♦  CB)  .  -q* 

♦  B*Z*)  ♦  iqhCCZ  ♦  CZ)  »  -q^BS 

ildili  appooTi  ia  oaoh  tors  baa  bowi 
droppoA*  Uilii^  thi  faot  that 

Z  ■  7b(Ap)  •  Jf  f  Z*  ■  J*  (Boaaol  rimotion) 

Z  ■  lf||(Ap)  ■  IT  f  Z*  ■  N*  (Hioaaim  PonetiMi) 

thiii  iqoationa  hiOOBi 

CJ»  ♦  CT»  ■  - 

or 

A*(A*J  ♦  (CJ  ♦  CH)  -  -q*Bn^ 

(A*J  ♦  A*IT)  ♦  (B»J*  ♦  B»H*)  ♦  lqh(CJ  ♦  CT)  -  -q^Bi 


CZ*  ♦  CZ* 

fwi* 

X*(A*Z  ♦  A*Z)  ♦ 

far  1st 

|5  (i*Z  ♦  AZ)  ♦  (B*Z* 
qr 

ihiro  Ihi  faotw 


(A-17) 


C«R7iM  *  aiallar  of«ratl<»  with  lqa.(A-3k)  cm  fwtas 
X*(1»J  ♦  !•■)  ■  lhq(C»J  ♦  C»H)  •  0 

(A-18) 

(A»J  ♦  A*»*)  ♦  ^  (1*J  ♦  ••*)  -  ^  (C*J  ♦  C*I)  •  0 

Bnrw  arw  flww  wqimtiMia  waA  six  oBkacnm}  m  a  awpplMwatarx 
ooadltioa  Ijtew  ttho— a 

CJ  ♦  a  «  0  (A-19) 

eeaAitioB  aaaantlaUj  iapUaa  that  tha  #(!•)  aaA  a(is) 

at# 

eo^oaaata  la  tha  tarn  CL  ♦  CL  oT  l4a.(A-l6a)  ara  aaro.  Dlffaraa- 
tlatlag  (A-19)  with  raapaat  to  T  aaA  oaaipariag  with  flrat 
aqtaitloa  la  (A-17)  laaAa  to 

C*J  ♦  C*H  •  Cny  (A-20) 

Mhatltutias  lqaa.(A-19)  aaA  (A-20)  lata  tha  laat  two  oquatloaa  of 
(A-17)  aaA  tha  aquatloaa  la  (A-18)  glraa 


A*J  ♦  A*H  «  -  Cn^ 

(A-21a) 

to  (Aij  ♦  I»H)  ♦  (B*J*  ♦  B*H*)  -  -qCa, 

(A-21b) 

B»J  ♦  B*II  -  -1 Car 

(A-21o) 

(A*J*  ♦  A»ir»)  ♦  §  (B*J  ♦  B*H)  -  ^ 


(A-21d) 
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||7  iribitltatlo*,  It  i*  th*ii  peitibl*  to  laolAto  tho  oooffiolwato 
^  j  1*  oai  B*«  f«ft  oT—iilf  ■*  1»  oibtaiaod  m  foUowsi 
latrodaelag  (A-21*)  iato  (A<-21b)  fiaM 


1»J»  ♦  1r»H»  ■  0^  - 

U-22) 

■nltiflylag  (A-22)  by  H  aad  (A-21o)  by  V*  and  aabtraatiac  laada  to 

(A-23o) 

idMTO  tbo  roUtlon  (MoLaohlaa,  p.  197)^^ 

-J»ll  ♦  dH»  ■  ^ 

baa  boon  uaad.  Slailarly  ooa  obtadna 

(A-25b) 

(A-23o) 

(A-23d) 

(I-IT.6) 

from  oquatioM  (A-17»)  ond  (A-19)  C  and  C  aiOr  bo  iaoUtod  and  thoy 
aro  glTOB  by: 

(A-29o) 


C 

c  .  -  a  Ojr  » 


(A-23f) 
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A ,  B ,  A  aaA  B  ean  tiMfUj  B«  cibtaiMd  trm  (A-2>,b,e,A)  hj 


iaWfnitiwii 


h' 


Or  I  B  -  /  B*  4r  •t«. 


th*  •qiMtiou  (A-23)  tins  teMrib*  tbs  OMfflelMits  A,  B  ,C ,  A, 

B  mA  C  la  tsra*  ot  ^  flttotustlon  fuMtifln  Cm* 

It  is  B0V  postlbl*  to  ovaluoto  tho  eeofflelOBto  |a|*  , 
|b|*,  Z*V  aal  TX*  itdA  oppoor  la  B4n.(A-13).  Lot  uo  orito,  fMa 
(A-230)  mi  (A-23A),  tin  Z  sad  X  eoofneloat 


*•8'/  [*»>♦'' 


(A-2U) 


*  *  ¥/  *  {ifr 


I*  •  SS  /  [‘i#  *'*  -  »!,r.  »•]  «•'*'< 


(A-2bB) 


(A-240) 


loltiplTl^  (A-2i»«)  bj  (A^21|b)  oaA  toklag  tho  OTorofo  loads  to 

wi*  •  * 

•  • 

*dt  6|,r  *B,ri  * 


J|i(Ar)  (Ati rdr  ridri 


(A-25) 
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Vdag  tfai  Mlatitn  (5*12) 

W'j  e  »i» 

i*ir«  ■  r,4,* 

MB  adDt  a  ■  B«  *  ■  P  Mii.  B9ft*(A*25)  rtdiiMt  %• 

•jij;  .  IfjJJjlll  -1^  C  «k-  h,)  I  C(»r,)  ♦ 

•  • 

Tl»  iBUfral  iB  (A-26)  mb  ttaM  !>•  vrlttM  m 

•  f 

Imj  jyx*r,)r,Jri  J  Ji(Ar)  a(r.r,)ar  ♦ 

•  • 

♦  f  if  J  ia^l(r-r,)ar 

•  • 

^4mh  thvB  bMoMt,  usiBg  th*  jropsrtitB  cf  Hm  DItbo  dBlta  fuaetiw 

I  .  I  Jl(XT.)  j:(Ar,)r.ar.  ♦  J  ifhtATO  a,. 

•  • 

Xat«p«tlac  Ij  parts  first  latagral  laaAs  ta 
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a 

I  «  •J;(U)  -  I  3jik*r)  [rJ*(Ar)  ♦  9*Jikc)  ]ar 


4  J  a*  in 


Ubm  tlM  laaMl  atiiatiM  Ma  W  wfittaa  m 


r  J^CAt)  ♦  Ja(Ar)  ■  - 


MB  tiMB  ¥•  ntaead  to 


X  «  oJ^CAb)  J||(A*o)  ♦  X*  I  J^(X*t)  JnMrir 


frm  tto  fanodo  Be«(79)  ia  ItUahloB,  oao  eoa  writ# 


I  Jt!ik*r)  J,(Ar)  r 2r  -  xrftcP'[  'a(^) 


Tho  latopBl  thoa  toeeaos 


Tbio  oi^rossion  oon  than  bo  •ubstitotod  late  lqB*(A-26)  aad  the 
fellowlBi  oqproeeion  is  cbtoiiwd  far  |Z|* 

(t-IT.l8) 


u 
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T»  1^  abtelM  tiM  follovlag  ootfriolwita* 


(ip27b) 


n*  «  *ii|lf»~|xP  *  Kk-hi)  (A-270 

It  !•  BOV  pMslbl*  to  vrlto  tho  ftnorol  tolntlM  f«r  tho 
oqallikriwi  rodiatloB  trm  a  ^linitr  hf  mkotittttlBS  Iko  B4M.(A-27) 
Into  (Ap13)  oaA  roeoUlag  that  C  la  glara  %j  19.(4*20)  mA 


iy  q*  ■  -ly*q  ■  -k|«l 

Om  thOB  dhtalaa 

BaL«*  *k 

♦  |XI*(JJ»*-JV»)^^  -  khBJJ*  j^CAj^A?)#  ♦  (A.  ♦Ai)**^  j 

(A-29) 

(5-14) 

(I-IT.19) 


Zt  will  ta  dMm  iMM  tiMt  la  owitraat  with  th*  ahwfw 
4wvwli|Mat  «f  th*  salwtlaa  far  thw  •qollitelwB  ndiatiM  trm 
a  ayliwiar  a  alwplar  apfroaah  aij  ha  takaa  if  aa*  aawfwtaa  tha 
tawar  ahaarptiwitj  af  tiia  ajlialar  ta  a  taat  waaa  iaaiftaat  wfaa 
it.  fhis  wattled  ia  partiaalarlj  iataraatiBC  aiaea  it  allava 
awa  ta  treat  aaj  problaw  af  aquilibriiai  radiatiea  aa  a  aaattariag 
prahlaa  af  a-a  waaaa  bj  aagr  firaa  boiy.  The  prablaa  treated  hare 
alaa  aaaatitwtaa  a  aai^  taat  ta  the  canaral  farwalatieB  af 
KiralMr'a  law  af  radiatiaa  aa  famolatadlgr  tjtar^  aad  Laria^^  • 

Ceaaidar  a  taat-wava  dafiaad 
bj  the  fialda  It  aad  It 
iaeidant  i^aa  tha  badj  aad 
ooapttta  the  flax  of  •tmrgf 
aaattarad  trm  tha  bedj  aad 
axpraaaad  ia  taraa  of  tha  fialda 
i  aad  H.  Tha  field  iaalda  tha 
bodj  due  to  abaorptioa  aad  traaa- 
aiaaioB  af  tha  vawaa  ia  rapra- 
aaatad  bj  f  i  aad  Si  • 

Tor  tha  oaaa  of  an  infinltalj  long  ajllndar  of  radlua  a, 
tha  iaeidant  taat  nafo  ia  axpraaaad  bj  oylindrieal  nayaa  traralllng 
toaarda  tha  ojlindar.  Tha  fiald  of  thaaa  waraa  aoat  aatiaf^ 
■axaall'a  aquationa  ao  in  aeeordanoa  with  lqn.(5*4)  ona  oan  write  a 


The  a-a  fiald  aaattarad 
bj  a  badj. 
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partlMlar  tolttilaa  for  tlio  inoliont  flold  m 

&  >  1(F«  i*  ♦  Q«  i*)  ik-yh) 

olioro  It  aai  IT  oostelm  ojUaarlool  fimotlMi  of  Hm  Ijpo 

■  1^  (A«r)  (WwirTl  fnnetioBo  of  tho  firot  kiat)  or  MOMdiaf  to 
ov  froriotto  aetotloa 

-  15*  (A*r)  -  iff  •(A.r)  - 

Ite  flolt  iaoldo  tho  ojUaJor  eoa  bo  dooorlbod  in  tho  ooBi  aoj  m 
Um  flold  ^  la  lqa«(5«4)f  00  o  portloular  oolutloa  lo  flToa  bj 

li  •  d«a  o  B«V  (d-31o) 

H,  »  y(A,5  ♦  B«S)  (A-31b) 

idioro  I  oal  H  oontoin  oyllnarlool  fonotioao  of  tho  tjpo 

Sho  oeottorod  flold  lo  thoa  roprosoatod  by  outfolag  ojUairlool 

ooTOo  oad  00a  bo  oxjrooood  by 

B  *  fS*  ♦  (A-320) 

i  ■  i(HI*  ♦  )  (A-32b) 

ohoro  tho  oylladrloal  foaetioao  la  I*  oad  ^  oro  roproaoatod  by 
Zq  ■  l^(X«r)  ■  H  (Boakol  foaotioa  of  tbo  ooooad  kiad). 
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SlaM  at  tha  beuaftazy  cf  tha  ejlindar  tha  taafantlal  ooKpouMta  af 
tha  fiald  Mat  ba  aqoal  tba  bouadaiy  oondltiooa  ara  tiian  giaan  by 

I14  ■  la#  ♦  I#  I  H«4  - 

at  r  ■  a  (A-33) 

111  ■  ♦  Ig  }  H«g  ■  Hgg  ♦  1^ 

Zt  la  paaalbla  to  darlta  four  aquatlona  ralating  tha 
aarlooa  aaaffleianta  of  tba  uaaaa  by  introdneinc  lq|Ba.(A-30)»(A-3l) 
aaA  (A-32)  aaA  uali^  tha  ralatioBa  (5*1  )•  for  azaapla  lat  ua 
arita  ^  #  aoagoiiant  of  tba  alaotrle  flalAa* 

I14  -  ^  Jib^  J*  -  ^  (A-5U) 

a«u«i 

1#^  -  ^  .  §  QoH*^  (A-JI|b) 

-  ^  /  db  ^-ra*  -  §{  QH^  (A-3Ao) 

Whan  aubatitutaA  Into  lqa»(A>33)  tha  aquatlona  (A-JA)  laad  to 

A|  J'  ♦  is  B,J  -  PoH**  ♦  Q.H*  ♦  ra*  ♦  ft  QH  (A-35o) 


Sinilarly  by  aatohing  tha  otbar  ooaponanta  of  tha  I  and  H  fialds  ona 

gata 


1f7 


Y  ^  ♦  «*)  U-35*>) 

y  J*  ♦  5!  ^  ♦  U  P.H*  ♦  qn*  ♦  jg  PB^  (a-55«)  . 

^  A,  J  «  (P.H*  ♦  FH)  (A-35*) 

Substitatiac  Ai  trcm  (A-554)  and  Bi  (A-3Sb)  iat*  (A-35a)  aad 
(A-55e)  laaAa  to  tho  feUowiag  rolatloDO  Botvooa  P  ,  Q  oai  Po  »  Qo 


A|P  o  IQ  ■  -  (4«Po  ♦  Wo) 

(A.36a) 

IP  ♦  A«Q  .  -  (#P.  ♦  #«Q») 

(A-36b) 

ohoro  A|  ,  At  oaft  1  oro  giTon  (A-10»)  ,  (A-10b)  aad  (A-10e)  aad 

(A-37a) 

^  ■  Ik^ 

(A-37b) 

(A-37o) 

Iho  ozproasion*  for  P  and  Q  oaa  than  bo  obtalnod  bj 

aolTiof  tha  oquationa  (A-36)j  ooo  goto 

P  ■  J  [(W  -  #fA,)P.  ♦  (4tl  -  Wi)Q.j] 

(A-38a) 

(1-IV.25) 

9  -  Wi)P.  ♦  (W  -  ♦•AOQo^ 

(A-38b) 
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Xt  Is  SMB  tkst  tiM  SOBttsrsd  fHWVBS  ss  ««U  M  tte 
Q'^tss  laftnis  sa  kstti  ths  ?•  sat  Qt  iaslAsnt  bstss.  Is 

^  of  AssrptioB  of  OBsrcf  bj  tts  bs6j*  It  o«i  Asia 

tfcBt  If  Iks  qrllaasr  mrs  a  fsrfkst  soBtastor  His  VHms  soold 
okly  4sfsaA  os  Hm  P«««sass  sat  Hm  Qhmvss  oa  Iks  Qs-aavss.  It 
it  thas  soavsaisat  to  ftsflas  sa  tbssrptloa  ssofflslsat  for  sask 
«f  lasUsat  aavss.  If  a  P«-«aTs  is  lasldaat  oa  ths  ojUaisr 
tkaa  tks  sksorptiTilgr  oaa  ba  wlttsa  as 


V**)  •  ^  - 


[|P|“  ♦ 


IqI“1 


Q>»0 


|P#I' 


(l^39a) 


fhls  aiirsssloa  siaplj  issarlbss  ths  absorptirltj  la  tons  sf  ths 
fbastioa  of  ths  roflsetsd  posor*  Siailarlj  for  a  Q*-«aTo,  oao 

aritos 


Iq.|* 


U-3Sb) 


Xa  orisr  to  oralaato  ip^(h)  lot  us  first  ooaputo  |p|*  sad  |q|*  for 
Qt«0«  lfB«(A-36a)  IkoB  bsssass 


^  "i  C(#«  -  #iAi}]Pi 
-  I.  aI)]?; 

I’’!'  •  Iw  -  ♦l4«|*  |p.|*  (tfkOl,) 
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flBllarJj 


IM  -#*.1*  M* 

1*1* 


U-Mk) 


Mstitotiac  aai  (1*^)  lato  (l-39a)t  Mt  ftit 


i^(k) .  1  -  -  ♦‘*•1*  ♦  I*!*-#*.!*] 


•ad  rafl>niat  tlMt  trm  IqpuCA-IOd) 


|a|*  .  lA,A,-l*|* 


A^(]|)  tlM  ¥M«ai 


-  ]fj7 [iMt  -  !#•-  ♦lA.I*  -  i4«l-  #A,  l-J  (A-41) 


Aftar  MqpaaAiag  Mah  Ura  la  BqB»(A-4l)»  aWat  aad  siiktraetiaf 
|l|■|A1|■  aai  notias  that  i#|*  -  |ai*(ftraa  A-10b  ant  A-37a)  tiM 
azpraaslaa  far  ipjj(A)  ¥aaaaaa 


Za  ordar  to  arrlTO  at  tha  flaal  fora  for  Ap^(h)  thraa 


ralatlaaa  auat  ba  proraA* 
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To  akov  tlMt 


|Ai  I*  -  I#!  I*  ■ 

lot  w  orito  |Ai|*  mMia§  lqo.(A-10i) 

|a«|*  •  rr*jj*  ♦  lil*l^l*  lojtjto  4. 

|y|V|xr 

•■A  ftw  l4a«(A-37o)  |#«  |*  is  glToa  by 

|#i|*  -  ♦  UIMa.I» 

|y|V|x|* 

I*jtH*jto 

•vfttrMtiag  thoM  two  oqproooioBo  obA  grooplag  tho  torso  looAo  to 
|A,  I*  -  !♦,  I •  -  ^  ^g{tl  JJ»*  ♦  j*j*J  (AH») 

tho  rolotlM  H*S**I*^  m  »  hao  toon  oooA  sImo  onljr  ^0 
rool  widoos  (propigotiBg  wmwoo)  of  (A«r}  aro  oonalAoroA.  81mo 


1 

[Ols 

■ 

q  ■  k  Vm 

^  ■  -1|I  asA 
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thM  hj  tb*M  aaqprtMioBa  late  lfB.(A-42b)  leeAa 

te  the  MBteA  reUtlea 

IWI*  •  [X*«**  -  X»*W]  (A-M) 

•  •|A|* 

2b  a  elailer  mj  it  eea  he  them  lhat 

9ti  m  (A-4h) 

rf#-  IaT  .  -  ^1  -  (A^) 

Ap^(h)  hee«Ma  after  at^atltutlas  l4Ba.(A-43) »  (A-A4)  aai  (A-A5) 
late  Mqjk»(k-ia) 

W")  <i**i**i*i*> 

♦  ^  ^  -  jlr^  itk%  l*At)  "  ^  ♦  •aJ  ) J  j  (A-46) 


Za  a  aiailar  waj  the  abaorptlTity  of  the  ajUaAer  ta  a  Q»  iaeideat 
vara  aan  he  AariToA  aai  the  fallewlaf  ezpreaalMi  la  ahtalaat 


aia!  ra(M«^|8|») 

ea*|A|*  I  |A|*k* 


[h*(A*W»*-A**J*J») 


♦ 


♦  |a|*(jj**-w)]  ♦  ^  -  jlr)  (iaNi^)  - 


(W) 


152 


iMif  «p  I«m*(A-^)  uA  (A<^7)  Mi  frewpSac  tWM  ImAs  to 

-JSSl? [xPr>Tt*'-<  W*  "I*  >- 

X  (X*JJ**-X**J*J*)  ♦y(|A,|*^|l|*)  ^li*(X*JJ**-X**W)  ♦ 

♦  |X|*(JJ**-  J*J*  A"|  -  AakJ  J*[  l(Af  ♦  aJ)  ♦  ••(A,  ♦  A.)]  1  (A-48) 

•  (1-If  .26) 

Ccapariac  with  th*  tumnl  solwtloa  (A-29)  aai  nvtlag 

that  X*-  X**  ■  ■  k*|i(«  -«*)»  it  is  thmi  fM»l  that  tha 

>— f  Mittai  hj  a  Qj^laiar  aaa  ha  aiqnaaaA  la  taiaa  at  tha 
abaoriptial^  aoafflaiaata  af  tha  cjlialar  aa  fallwm: 

Bikw  4 


(A-45) 

(I-IT.27) 
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«  -  gflumaw 

r«U««inc  «wk  m  «iU  uam  preoMd  to  ^orlTO 

aoM  i^proadaato  oolntloM  for  tiio  o^oillbrlMi  railotioa  o^ittod 
Igr  o  ogrliaAor*  9moo  oolotioBa  aro  uaaftl  taaaaaa  allow 
ascaalBliiC  tha  iaflMMO  of  aoaa  paroratara  at  Hal  tin  aoalitlaaa 
aai  alae,  la  aoM  aaaaa,  allow  taatli«  of  tba  tlMOfy  tj 
ooaparlaoa  wiili  alroadj  aatabliahad  raatd.ta* 

Itaraa  llBltli[«  aaaaa  will  to  oonaliaraA  far  ahloh  tka 
railatliig  fragnanoj  a  la  Mallar  tkaa  tha  ftwqpwnoy  Wp* 

Thia  la  tki  raglon  of  tha  fraqum^  apaotnai  aiiara  tiia  plaawa 
aaaantiallj  aeta  aa  a  aondnetar.  tkt  thraa  oaaaa  oonaldarad  will 
aorraafoad  ta  a  ojliadar  iriMaa  radlna  la  wallor  aad  largar  than 
tka  akta  dapth  whila  tba  deSn  daptb  la  althar  larfa  or  aMll. 

taA  a/a  >  1) 

Thla  aaaa  rapraaonta  tba  low  fraqaanoj  approadaatlon  abara 
tba  akin  daptb  ”d”  la  aneb  aaallor  than  tba  radlua  "a”  of  tha 
^pllndar*  Tha  akla  daptb  la  flata  bj 

d.  ^  (A-50) 

y2vp  oa 

ibara  o  la  tha  eonduetlal^* 

Sinoa  a  ■  a*  -  la*  aad  la  thla  oaaa  a*  «  a”  thaa  tha  ladaz  of 
rafraatlen  la  glToa  bj 


(A-51) 
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Mstlttttlac  *  Am  l9i*(A-50)  late  (A-51)  laada  ta 


Slaea  |V7|  »  1  aad  |kt  «  q  tkm  it  aaa  ¥a  aieaaal  that 


A*  -  k*a|i  -  h*  a  kPaa  (1-53) 

Thns  |A|a  la  aneh  qraatar  than  aaa  aad  tha  fallaalBg  aagr^tatla 
aacpanalena  (MeLaahlan  p.  83)*^aaa  ha  vaad. 


3  m  J,^(Aa)  ■  aaa  ^Aa  -  J 

(A-5U) 

(Ar5*ifc) 

Slaea  ftran  (A-52)  ani  (A-33) 

Aa-{(1-1) 

It  aaa  than  ha  ahoan  that 

(A-55a) 

aad 

(A-55h) 

ahara  tha  fellawlBg  relation  la  uaad 
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tMi(WA)  ■  ltM>i(V*)  •  i  V*  »  1 

f 

Tto  ^am  oan  tbm  b«  iktaiaad  uslag  B9is.(A-5i»A) 


U-Mb) 


X*JJ'^X**J*J*  -  -/*  •!»  |x**  -  OM  [x»- 

♦  [**  -  •“  [**•  • 


MaltiplTiBS  ani  throosh  bj 


/ 


OM  ^X*a  - 


OM  !>'«•  “ 

/ 

I 

and  ualai  1|  -(X-SSa)  and  (A-55b)  tha  abwra  azpraaaian  baooMt 


X*JJ 7- X**w  ■  |x|  (X*4X)  laatal* 

(A-56a) 

^  «  *•  4 

jq  11  JilMT  «aj  it  oan  ba  ihown  that 

/ 

j 

j  jjia  -  jajt  «  looaa  1* 

(A-56b) 

(A-56o) 

£ 

/  j _ , 

j  ““  'ivh  ■*"" 

(A-56d) 

f 

(A-56a) 

(A-5«f) 
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1b  ilda  e«M» 


(ka  «  1)  (|x|b  »  1) 

A«b  «  1  (MeLaahlan,  p*26)^^ 


H  -  I^(X.b)  «  l*a(A.B)  » 

\ 

r  .  (A..) .  -  ^ 


B.(X«b) 


h;(a.b)  -  - 


(1-59) 


Lat  ua  tha  Tarlation  ef  lp^(l)  *  (>4iul>>58) 

s 

iB  taraa  of  a.  Sliioa  trm  (1-59)  V/E  ia  |roportioBa:*\to  b,  than 

1  \ 

tha  prodaet  po  -  a*  aad  |  p»  -  Itev^ka)^!*  -»  aT*  . 

Oa  tba  othar  hand  tha  tana  iaaida  tba  ourlj  kraV.^t 
(A-58)  can  Im  ahoaa  to  ka  propartieaal  to  a^  aad  thaa  aaaoa<\ttaa  a 
▼artatlon  of  tha  factor  |pa  -  (lii/aa)*|*.  Tha  azprcaaien  (l-\0 
alaa  larolTaa  tiia  faotor  1  /  |h|*  iriiloh  ia  dapandaat  (m  a*  FroaX 

\  • 

(A-59),  ona  flaia  that  1/  |h|*  a  (laa)*".  Tharafora  Ap^(l)  +  \ 

♦  A^(h)  -  (Aoa)*"  .  \ 

Slaea  (laa)  «  1,  ona  oaa  ratala  oalj  tha  flrat  tan  ia  ^ 
tha  aariaa  oxpanaion  lqa»(A-29)  for  tha  aaittad  poaor  P«i  aad 
l^.(A-58)  haooaaa  with  a  ■  0 
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8p.W  * 


.  r  ^  J*Ll 

.k.|.|  |«,|*  L.IpI*  hwJ 


(A-tt) 


Zstrotoelac  into  l^(A-57)  and  uaiag  tha  r«lati«M 

(Ai-52)  vbA  (A-53)  m»  tlMB  «ktaiM  far  p  aai  r  1h*  falloarlag 


aoqprasflaaat 


P  ■ 


iA;>pAi«(^) 

(1-1) 


] 


-  1  <1-0 r ».« 

*  .tacV)  J 


U-«») 


With  tha  halp  of  (A-59)  and  (A-32)  tha  eeaffleiaatt  la  froait  of  tha 
aqoara  hraakat  la  (A-60)  haeoaaa 


*lc.|*|  Ifcl*  .•[ln(«i»)  ]■ 


■^•(Ap^I)  aad  (A<^)  ara  than  adbatitutad  lata  BfD*(A-60)  and  ona 
finds 


*'*****  [1^  ~  ^^^^1  * 

I”] 


Substituting  (A-63)  Into  Bqn*(A-29)  and  changing  Tariablas  as 
foUewsi  h  ■kslnf  ,  A*  «  Vic*-h*  «  keoa#  ,  ona  arriTOS  at 


9 
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[  |l  -  »w»»  In  Y*)  I  ‘  * 

0 

*\m!  -  ikaoM*#  la  |’*j  oo«*#  M  (A-<^) 

Zt  MUK  k«  AoMif  a»iac  l*Bopital*a  rvl*,  thftt  proAMt 
•m*9  la (  )  la  lqa.(A-6A)  taaAs  to  Mro  at  Iha  Halt 

•  ■  v/2«  Ik^  tha  eoalitlMM  ka  «  1  aat  V*  «  1  >  it  is  tlMU 
srUsat  that 

SOS*#  la  I  «  1 


Ihsrsfers  this  tsza  is  astlsstsA  in  temt  of  ods  ia  l4^*(A-6i|.)* 
Siaes  )  is  a  alsslj  vargriac  fisMtisa  of  •»  Ihs  • 

Tsriatioa  is  asglsetsd  iasiAs  ths  logsritha.  UsiiC  ths  aotatisa 
s  «  k  ala  (^)  ,  it  fsUsss  that  lqa*(A-^)  rsAaess  to 


w/Z 

2v*ka|iA  J  ^ 


^  -  kaA 


^  —  -  I  SOS*#  di 

a  sss*9  4-  8*oss*9]  J 

(A-«5) 


Ths  first  tsni  of  ths  iatsgral  fiTss  Z/y,  sad  ths 
iatofratim  of  ths  ssooaA  torn  Isads  to  a  rssolt  difforsat  froa 
that  siTsa  hjr  lytor*  Ws  sill  thsa  proessd  ia  ths  fellowiaf  to 
Atm  ths  iroosdoro  tsksa  ia  sraloatiag  this  iatsfrsl. 


Considsr  ths  sralaation  of  ths  followiaf  iatsgral: 


* 
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(Fiitt  234  of  iTtorU  MBOgr^ii^  •) 

1»  l*t  p  ■  SillM  C  ■  k«  1b  ^  <  0.  AB  BOBStaBt  p  «<  1  • 


Ob  fiallac  Ao  roots  of  tlio  joaoBlaBtor,  itiioh  oo  toaoto  Vj  o,  wo 
ooa  orito  I  in  llio  folloolag  font 


0  0 

ohorot  A  ■  o  ♦  o* 


B  ■  oo* 

../M 

*  "/  V2 

If  OO  BOO  lot  7  »  000  0  00  hOTO 


1  1 


0  0 
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To  porfora  tboM  Intogrolo  «o  mIdo  um  of  Um  f oUowliic  ouibotitatl 


mr 


k, « (i^»)  -  vrmy*rp 


Za  tkio  Mgr  «•  flait 


[(k*-*)  /  I  fHt 


•kf 


.lik 

ki 


■A<>ka  ♦Afka 

(*’*•>/  I 


.lu 

k« 


.Jik 

ki 


-  t*  -  (o*^  t*)  V?Tt> 


kj  -  k;-A*ki  4  4*8 


k4  -  k*-A*kt<i'A*B 
k.  -  A*  -  kj 


k,  .  A«  -  k; 


••■fe 


0 
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•f  tlw  Mbatltutioni 


m  MB  Brit* 


iB  tk*  f 


/ 


JJL 


(*•  ♦  t*)  Vb*-  V 


/ 


[(*•♦*•)«•- 1) 


/ 


JL 


(®*  ♦  t*) 


MB  U  BTlttM  M  (pM»  55,  BO.  20  Of  iBtMTOl  ttWOO^^  ) 


1,  _ 1 


u.-*  a-tr  1  ♦ 

J - 

e 


•OBOtaBt 


97  MlBf  Hbm  f  oXlovlBC  idoBtitloo 

A*  -  ki  k, 

k,  -  A*-kJ  •  k,k.-kj  .  k.(k,-k.)  >  0 
kf  ■  A*-l^  ■  kiki-kj  ■  -  k,(k,  -  kg)  <  0 

HL^lSa. 

-kg  ■  k, 


B.ljELiltl  .1 
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■u  •  k*>  A*k>  *A‘B  m 
k,  •  fcj-  A*k,* Al .  - 

IqntalM  th»M  qmmtitlMB  ia  Urm»  of  fi  (volac  tte  foot  fi  «  l) 
ud  M*atlttttiag  iB  tte  latofrolo  oo  finit  (koofiac  mUj  tte 
larfoot  t«ca)t 

“  \  z/S/  V5*4 


2.  Ion  CoBftBOtlHi  «Tl1r*T  ”*** 

Ite  booio  oooditlono  oro  tteo: 


(te  »  1) 


ko  »  1 


|x|o  ■  VSi/d  »  1  (o  »  d) 


Iten  |n|  «  ko,  oo  eon  roproiont  tte  Boakol  fOnetioao  hj 
tte  fellooing  opproadaoto  oxponolono  (teLoohloa,  p*  198) 


^  M 


I  vAoO 


(A-S7) 


Iten  |n|  »  ko,  tte  Bonkol  fonotion  la  glTon  hj 


It  !•  'Umb  tliBt  th*  talM*  ■  MctMid  ealj 

tvm  -xk*  to  4xko,  iriMro  x  *  eooffielMit  of  ordar  1. 

CoAlalas  B4d.(A-67)  with  l9i.(A-57)  aai  mIm  BqBO.(A-52) 
•ad  (A-53)»  oao  oibtolBO 


p  ■  -iA#  ♦  m  -lA* 


U-a) 


Satstitotliif  (A-67)  ani  (A-68)  into  (A-38)  glfoo 
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lAtainlag  €idj  Hm  ttraa  ewtalBiiis  hi^bar  po««r  of  Vb,  this  oqpiatiMi 
bMOMO,  vl4h  tbi  iMlp  of  IaI*  -  k*|iU| 

*  V‘)  •  I  (IF  ^  f  )  *: 


fiM  f blleoilsc  4ofl«itiona  aro  than  IntrodaaaA 

h-kaln#  t  A*  *  kaoa#  t  7  ■ 

and  tha  awMticii  In  l<in.(A-29)  la  ohu^  to  an  intofratioa 
faUoaa 


t 


♦X 

♦  ka  I  d7 

-X 


AppSjliv  thaaa  dafinitlona  to  lqn*(A-29)»  wa  gota 
P  ■  Aaalaa^  J  [  A^,9)  ♦  Aq{j,9)  ]  47  oea  #  df  (A-70) 


and  Iqn«(A-69)  haoonaa 


-  /fa  ra*\  [oaa*#  ♦  ooa*#  ♦  y'ain*  flcaa’d 


(A-71) 


Soibatltuting  Iqn.(A-7l)  into  lqn.(A-70)  laada  to 


-  ,  ,  /fa  n*\  f\  f  [ooa*»  ♦  ooa*#  ♦  7*aln*f]oaa*>  dd 

t  • 


(A-72) 


I 
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Slae*  7  varlM  trm  0  to  x  **  1 »  vitii  tii*  mm 
fiMislM  M  Bqa.(A-72)  mm  ebtalMd,  mm  •«!  MglMt  tuM  la 
l^•(A-72)  eaa  tiiu  b«  iiit«fr*t«A  and  tha  foUewiag  mqpfMimi  la 

oktalMd 

Ul 

Ualng  l4B«(A-52),  mm  Ataiaa 

Pn  ■  6v*x  a  X«||  kji  d 

aad  aaiag  tha  liajlalijte-JaaiM  approxlMtlon  ter  1^,  mm  ftaally 

fata 

^aa  ■  ?5a  " * 

la  aaotiiar  prdtlaB  (a  alaib  la  a  maafuida)  ItIot  haa  ahoan  tiMt 
X  ■  8/9  and  ttaarafera 

(i-7j) 

3.  «**«-  CoBductlna  Cylladar 

In  thia  oaM,  tha  foUowlnf  oooditlana  applj 

ka  «  1  and  a  «  d 

cr 

X»a  «  1  and  (Aal  «  1 


It  la  thua  auffiolant  to  kaap  only  tha  firat  tan  In  tha  aariaa 
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•acpMwiM  if  tlM  Buk*!  uA  tte  BmmI 
gi^  hj  B«b.(A-59)  tA  Jn  !•  fivMi  ^ 


ftetUou,  !•••  if’  is 


J*(Aa)  -  1 


i  I 


ItrTK) 


SlBSS  Bqn.(l-47)  Is  sgsla  ggof^tieiisl  is  (A«s)*“,  (mm 
sriiswnt  *s  fsr  «**«  vsU  e«nAastl8g  sjUaisr)  «s  ssa  ksst 
flolj  tbs  first  tsr*  (lqn.A-29)  la  ths  swr  b»  1*s.  s  *0. 

flM  foUosliig  rsUtioas  srs  thss  ebtsiasAt 


-  X**J*J*  •  0 


jjt*  .  jsjt  ,  (^*"^^**1* 

4.  !  »-0  I  i-A' 


SAstltutlag  lqns.(A-75)  into  I^.CA-JiS)  gXy 


ip.(h)  ♦  *,.U) 


L«.' 


Utiof  ths  dsf initioos  for  A*  sni  A*  ons  gsts 


Ap^(h)  +  l^/h)  .  »s‘s-(k*-h‘) 


(A-75) 


(a-76) 


(A-77) 


l«i«(A-77)  ia  l&tr«Aao«A  iato  lvi«(A-29)  uA  ^ 
f  Alloiidi«  «c|r»MiMi  la  cAtalMAt 

Bw  «zpr«aslca  f «r  tlM  p«Mr  aaittaA  far  wdt  «ra«  af 
Iha  ajliaAar,  naii«  tte  Iaarlal<Waaaa  law,  thus  haaowas 


P, 


(A-78) 
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